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INTRODUCTION 


The  aim  of  this  paper  is  to  present  a  theory  of  stochastic  evolu¬ 
tion  equations  governing  processes  that  take  values  in  duals  of 
countably  Hilbertian  nuclear  spaces.  For  Hilbert  or  Banach  space 
valued  processes  such  studies  are  available,  e.g.  in  Curtain  and  Prit¬ 
chard  [3]  and  Kotelenez  and  Curtain  [9]. 

In  recent  work  arising  from  problems  in  such  diverse  fields  as 
chemical  kinetics,  n-particle  diffusions  and  neurophysiology,  one 
comes  up  with  a  situation  where  a  sequence  of  stochastic  processes 
of  interest  converges  weakly  to  an  “-dimensional  process  satisfying 
a  stochastic  evolution  equation  on  a  suitable  space  of  distributions 
It  is,  therefore,  of  interest  to  develop  a  general  theory  of  the 
existence  and  uniqueness  of  solutions  of  stochastic  evolution  equa¬ 
tions  in  a  dual  t'  of  a  nuclear  space  0  where  the  driving  force  is 
a  O' -valued  martingale.  We  do  this  in  Section  2  where  we  obtain  an 
"evolution"  or  "mild  solution"  in  the  form  of  a  stochastic  integral 
with  respect  to  the  given  (0 ' -valued)  martingale.  A  feature  of 
these  equations  is  that  in  general,  over  any  finite  interval  [0,T], 

the  solution  lives  in  a  Hilbert  space  O'  while,  when  no  finite  in- 

pT 

terval  is  specified  it  can  only  be  asserted  that  it  takes  values 
in  O'. 

We  have  to  preface  the  stochastic  part  of  our  work  by  a  study  of 
deterministic  evolution  systems  (including  perturbed  systems)  de¬ 
fined  on  countably  Hilbertian  nuclear  spaces.  In  applications,  one 
is  led  to  consider  evolution  systems  on  O'  in  the  following  manner. 
Initially  the  problem  is  defined  on  a  Hilbert  space  H  with  a  family 
of  infinitesimal  generators  fA(t)}.  It  is  often  the  case  that  we 
can  find  a  Gelfand  triplet  0  *•'  *  H  0 '  (with  0  a  countably  Hilbertian 
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nuclear  space)  such  that  the  restriction  A(t)  of  A(t)  on  $  is  a 
continuous  linear  operator  on  4>.  Thus  one  is  led  to  the  question 
of  when  the  family  { A  ( t )  }  generates  an  evolution  system  on  3>  or, 
equivalently  on  4> '  .  This  is  the  problem  considered  in  Section  1. 

The  theory  of  evolution  systems  on  Hilbert  and  Banach  spaces  has 
been  developed  extensively  by  a  number  of  authors.  They  are  con- 
stru-led  from  (unbounded)  infinitesimal  generators  { A  ( t )  }  of  Cq- 
semigroups.  Evolution  systems  over  locally  convex  spaces  have  been 
constructed  from  C^-equicontinuous  semigroups  by  K.  Yosida  [19]  and 
from  quasi-equicontinuous  C^-semigroups  by  Y.H.  Choe  [21], 

We  have  not  been  able  to  find  results  of  sufficient  generality 
that  we  could  use,  viz.,  results  on  evolution  systems  on  nuclear 
spaces  constructed  from  (CQ , 1) -semigroups .  We  derive  these  systems 
using  the  ideas  from  Kato's  theory  of  evolution  equations  on  Banach 
spaces  (see  Pazy  [16],  Chapter  5).  A  key  notion  in  this  construction 
is  that  of  a  stable  family  of  generators  or  semigroups  on  <5. 

In  the  last  section,  the  theory  developed  in  Section  2  is  applied 
to  examples  arising  in  various  fields  of  applications.  The  sto¬ 
chastic  equations  of  Hitsuda  and  Mitoma,  Kallianpur  and  Wolpert, 
Kotelenez,  and  Mitoma  [4,7,8,14]  are  shown  to  be  particular  cases  of 
the  equations  of  Section  2  and  so  the  existence  of  a  unique  solution 
follows  as  a  consequence  of  Theorem  2.1.  It  also  follows  that  all 
the  examples  possess  a  family  of  stable  generators.  Mitoma' s  example 
in  [14]  is  particularly  interesting  in  that  the  evolution  system  is 
generated  by  a  stable  family  of  (Cg , I )- semigroups  which  are  not 
equi continuous . 


-  *■  .v  s 
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1.  EVOLUTION  AND  REVERSED  EVOLUTION  OPERATORS 

Let  $  be  a  countably  Hilbertian  nuclear  space  whose  topology  x 
is  defined  by  an  increasing  sequence  of  Hilbertian  norms 


<  *  ■ 

1  -  i  2 


'n 


Let  $  be  the  completion  of  $  by  I •  j  , 
n  1  n 


V  the  tooological  dual  of  , 
n  n 


the  dual  norm  of  and  $ '  be 
1  -n  n 


the  strong  topological  dual  of  <5>.  The  completeness  of  <J>  implies 

no  OO 

$  =  n , 0  and  $ '  =  . 

n=l  n  n=l  n 

We  denote  by  !(<$,$)  (respectively  L  ($',$'))  the  class  of  continuous 
linear  operators  from  <$  to  <£  ($'  to  $  ’  )  . 

A  two  parameter  family  of  operators  {U(t,s)  :  0  $s  <t  <°°}  in 
L  (V,  $')  is  said  to  be  an  evolution  system  on  $ 1  if  the  following 
two  conditions  are  satisfied: 

(i)  U  ( t ,  t )  =  I ,  U(t,r)U(r,s)=U(t,s)  0  <  s  <  r  <  t , 

(ii)  For  each  i p  -  t> '  the  map  (s,t)  -*U(t,s)’4>  is  strongly  continuous.  W 
recall  that  for  t1  and  4>’  strong  and  weak  convergence  of  sequences  coincide 

Let  ( A '  ( t )  )  t 0  be  a  family  in  L  ( *J>  ’  ,  <?>  ’  )  .  We  say  that  this  family 
of  operators  generates  the  evolution  system  {U(t,s)  :  0  is  xt  <*>} 

if  the  following  relations  are  satisfied: 


•rrU  (t,s)iy=A'(t)U(t,s)i|)  for  all  'f  f  V  0  ss  U 
dt 


j^-U  (t,s)ip=-U(t,s)A'  (s)v  for  all  0  <  s  ?  t* 

For  s  ■-  t  define  the  operator  T(s,t)  :  <t>  -*■  0  by  the  relation 
:i.  1)  (U  (t ,  s)  p)  U]  =  y  [T  (s  ,  t)  t  ]  for  all  $  ■:  p  . 


■  ■  ■  .‘H 

v" 


In  a  similar  way  for  each  t  -  0  define  the  continuous  linear  operator  A(t)  :  t  -*■  I 

(1.2)  (A*  (t)  n»)  [4>1  =  <p[A(t)<p]  for  all  $  €  ^  €  O'. 

Then  it  is  not  difficult  to  verify  that  the  continuous  linear 
operators  {T(s,t)  :0  ss  <t  <<»}  on  0  have  the  following  properties: 

(1.3)  T(s,t)  =  T(s,r)T(r,t)  0<s<r<t,  T(t,t)  =1. 

(1.4)  For  each  0  eO  the  map  (s,t)  -T(s,t)<j>  is  O-continuous . 

(1.5)  ~T(s,t)0  =  T  (s ,  t)  A  ( t )  0  for  all  4>  <  <J>  0  <s  <t. 

(1.6)  ^T(s,t)0  =  -A(s)T(s,t)  0  for  all  0  €  0  0  <s  <t. 

Definition  1.1.  A  two  parameter  family  of  operators  T(s,t) 

0  <s  ^t  in  1(0,0)  is  said  to  be  a  reversed  evolution  system  if  it 
satisfies  (1.3)  and  (1.4)  above.  If  a  family  {A(t)}fc>0  of  linear 
operators  on  0  satisfies  equations  (1.5)  and  (1.6)  we  say  that 
{A(t)}t>0  generates  the  reversed  evolution  system  T(s,t).  Relations 
(1.5)  and  (1.6)  are  called  the  forward  and  backward  equations. 

The  main  result  of  this  section  is  Theorem  1.3  below  where  we 
give  sufficient  conditions  on  a  family  of  linear  operators  on  0  to 
generate  a  reversed  evolution  system  {T(s,t)  :0  <s  i-t  <»)  on  0. 

Using  the  relations  (1.1)  and  (1.2)  we  then  have  that  the  family 
{A'  (t))t>g  of  linear  operators  on  V  generates  an  evolution  system 
{U(t,s):Oss<t<0°}on<f'.  It  will  be  convenient  to  denote  U (t , s)  by 
T'(t,s)  and  refer  to  it  as  the  adjoint  of  T(s,t).  This  is  particu¬ 
larly  convenient  when  T(s,t)  is  the  primary  object  in  our  discussion. 

Our  results  and  examples  on  this  work  deal  with  semigroups  of 
linear  operators  on  $  which  are  not  necessarily  equicontinuous  as 
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those  presented  in  Yosida  [20]  for  locally  convex  spaces  or 
Miyadera  [15]  for  Frechet  spaces.  We  have  to  deal  with  semigroups 
of  linear  operators  of  (Cg,l) -class  defined  below.  The  terminology 
is  due  to  Babalola  who  has  studied  such  semigroups  on  locally  convex  spaces  [1] . 

Definition  1.2.  A  family  (S(s)  :s  >0}  of  linear  operators  on  $  is 
said  to  be  a  (Cq, 1) -semigroup  if  the  following  three  conditions  are 
satisfied: 

(1)  S(s1)S(s2)  =  S(s1  +  s 2 )  for  all  s^^^  >0,  S(0)  =1. 

(2)  The  map  s  S  ( s ) <J>  is  ^-continuous  for  each  <j>  e  <t> . 

(3)  For  each  q  ^0  there  exist  numbers  Mq,o^  and  p  >q  such  that 

o  s 

]S(s)<t>|  <M  e  ^  |  $  |  for  all  (J>  e  $ ,  s  20. 

^  P 

We  recall  that  a  semigroup  S(s)  is  called  a  Cg-semigroup  if  it 
satisfies  (2)  above.  It  is  said  to  be  an  eguiaont  ir.usus  semigroup 
if  it  satisfies  ( 1 )  —  ( 2 )  and  (3)  with  a  =0,  q  >0.  Thus  equicontin- 

q 

uous  semigroups  are  special  types  of  (Cg , 1) -semigroups .  The  case 
of  =  a  ,  q  >  0  is  considered  in  [15]  and  [21] . 

The  next  two  theorems  characterize  (Cg , 1 ) -semigroups .  Before 
presenting  them  we  introduce  some  notation:  Let  { S  ( s )  :s  2 0 }  be 
a  (Cg ,  1) -semigroup  on  <t>.  The  infinitesimal  generator  A  of  S(s)  is 
defined  as 

A$  =  lim  — - s -  — (limit  in  $} 

svo  s 

whenever  the  limit  exists,  the  domain  of  A  being  the  set  V  (A)  •-  i 
for  which  the  above  limit  exists. 


Let  {  |  j  •  |[  :n  >0}  be  any  sequence  of  increasing  norms  on  5  also 
defining  the  x-topology  of  $.  Such  a  sequence  of  norms  will  hence 

forth  be  called  x-aompatible .  We  will  denote  by  $  ,  n  j  the  1 1  *  II  n- 

00 

completion  of  $.  Then  $  c  $ ,  ,  c  $ .  ,  for  n>m  and  $  =  n  ,  .. 

| n I  |m |  n=0  ; n | 

Suppose  that  A  :  V  (A)  c  $  -*■  $  is  a  densely  defined  closed  linear 
operator.  If  for  some  n  >  0  the  linear  operator 

A  :  D  ( A)  c  $  ,  ,  -►  $  c  $  .  | 

j  n  |  j  n  | 

is  closable  in  $ ,  . ,  then  we  denote  by  A  the  closure  of  A  in  ii  , 

|  n  |  n  j  n  | 

The  proofs  of  the  following  two  results  involve  standard  argu¬ 
ments  and  are  therefore  omitted. 

Theorem  1.1  (a).  A  (^-semigroup  (S(s):  s>0}  on  $  is  a  (Cg/l)- 

semigroup  if  and  only  if  there  exists  a  sequence  of  x -compatible 

norms  {||*||  :  n-°)  on  $  and  sequences  of  nonnegative  numbers 

{a  }  _  such  that  for  each  n>0 

n  n >0 

os 

(1-7)  ([S(s)4>(ln  <_  e  j  (  <()  j  [  for  all  4>  e  $ ,  s  2  0 . 

(b)  .  If  { S  ( s )  :  s>0}  is  a  (Cg  ,  1) -semigroup  on  <J>  then  there  exists 
a  family  of  Banach  spaces  { j  n  ,  :  n>0}  whose  norms  :  n-0} 

are  r-compatible ,  such  that  for  each  n>0  S(s)  can  be  extended  to 
a  C_-semigroup  {Sn(s):  s^O}  of  linear  operators  on  $ ,  ,. 
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Theorem  1.2.  A  necessary  and  sufficient  condition  for  a  closed 
linear  operator  A  on  t  to  be  the  infinitesimal  generator  of  a 
unique  (C^ ,  1) -semigroup  (S(s)  :s  >0}  on  $  is  that 

(1)  0(A)  is  dense  in  <t>. 

(2)  There  exists  a  sequence  of  x-compatible  norms  {  ;  ]  •  |i  :  n  ;  0 }  on 
$  and  n^  ^ 0  such  that  for  each  n  >n^  the  following  two  conditions 
hold : 

(a)  A  is  closable  in  <5 ,  .. 

I  n  ' 

(b)  The  closure  Afi  of  A  in  $|nj  is  the  infinitesimal  generator 
of  a  Cg-semigroup  (Sn(s)  :s>0}  on  $|n|  such  that  for  s  20 
Sn(s)  maps  4>  into  $  and  its  restriction  to  0  coincides  with  S(s). 

The  following  is  a  perturbation  result  for  (Cg , 1) -semigroups  on  t>. 

Proposition  1.1.  Let  A  be  the  infinitesimal  generator  of  a  (Cg,l)- 

semigroup  {S(s)  :s  >0}  on  <i>.  Let  B  be  a  continuous  linear  operator 

on  $  such  that  there  exists  a  sequence  of  r-compatible  norms 

{  ||  *|!  :n  >0}  on  <P  and  n„>  0  such  that  for  n  >n.  B  can  be  extended 
n  0  0 

to  a  continuous  linear  operator  on  ^jn|*  Then  A  +B  is  the  infini¬ 
tesimal  generator  of  a  (Cg ,  1 ) -semigroup  (P(s)  :s  >0}  on  4>  satisfying 
the  integral  equation 

s 

P(s)4>  =  S(s)<p  +  /  S(s  -  r) BP (r) $dr  <J>  £  $ . 

0 

Proof :  Use  Theorems  1.1,  1.2  and  the  classical  perturbation  theorem 

for  semigroups  in  Banach  spaces  (Theorem  3.4.2  in  [17]).  Z 

We  now  consider  the  construction  of  reversed  evolution  systems 
on  v> .  In  order  to  do  this  we  need  to  introduce  the  following  con- 

rpnt  . 
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Definition  1.3.  A  family  {A(t)}  ^  of  infinitesimal  generators 

of  (CQ ,  1 ) -semigroups  {S  (s)  :s  >0}t>Q  on  $  is  called  stable  if 

there  exists  a  sequence  of  x-compatible  norms  {  j  j  •  j|  :n  2  0}  on  $ 

such  that  for  each  T  >0  there  exists  i 0  and  for  q  2q^  there  are 

constants  M  =M  (T)  >1  and  a  =a  (T)  satisfying  the  following  con- 
q  q  q  q  3 

dition 

k 

k  q . 3 

(1.10)  ||  II  S  (s.)$||  <  M  e  ^  ||-$i|  for  all  $  e  $,  s.  >0 

j  =  ]_  cj  0  q  ^  CI  3 

whenever  0  st.  st^  ^  <  t  <  T,  k  >  0.  Here  and  in  the  sequel  the 

time  ordered  product  II.  S  ( s  .  )  <t>  is  S  (s  )S  (s  )...S  (s  )-j>. 

]  l  tj  3  i  t2  2  K 

The  family  {A(t)}t>g  is  said  to  be  uniformly  stable  if  for  each 

q  > 0  and  are  independent  of  I  and  (1.10)  holds  for 

0  <  t.  <  t  <  .  .  .  <  t.<  ®.  In  either  case  we  call  M  and  a  q  0  the 

12k  q  q 

stability  constants. 


Remark  1.1.  In  the  literature  on  evolution  systems  in  Banach 

k 

spaces  (see  [16]  or  [17])  the  product  IT.  .B(t  .  )  for  0<t.  <...  s  t, 

3=1  3  1  k 

is  taken  in  descending  order,  i.e.  B(t^)B(t^_^) . . . B  ( t ^ ) .  Some 
results  (as  for  example  the  analogous  ones  for  Banach  spaces  of 
the  next  three  propositions)  remain  true  whatever  the  order  in 
which  the  product  is  taken.  However,  in  the  construction  of 
reversed  evolution  systems  (Theorem  1.3  below)  the  order  of  this 
product  is  important  and  will  be  taken  in  "increasing  order"  as 
explained  in  Definition  1.3. 


In  the  construction  of  evolution  systems  in  a  Banach  space  X 


the  definition  of  stability  of  a  family  A(t)  of  infinitesimal 


generators  of  C^-semigroups  in  X  is  given  in  terms  of  the  resolvents 


R(\;A(t)).  However,  in  a  nuclear  Frechet  space  $  (or  more  generally 
in  a  locally  convex  space)  the  resolvent  of  an  operator  A(t)  might 


not  exist  even  when  A(t)  does  generate  a  semigroup  S^Cs)  on  $.  (See 


[1]).  Nevertheless,  an  equivalent  condition  to  (1.10)  can  be  given 


in  terms  of  the  resolvents  R(X;A  (t) )  of  the  corresponding  infinites 

*3 


imal  generators  A  (t)  on  each  of  the  Banach  spaces  4 

q  |  q 


Proposition  1.2.  The  condition  (1.10)  is  equivalent  to  the  follow¬ 


ing:  (a  ,°°)  <z  o  (A  (t)  )  for  0  <t  <T  and 

Si  M 


-k 


(1.11)  ||  n  R(X;A  (t.))<D||  s  M||  *||  (X  -a  )  X  > a  ,  <M 4 

'a  J  Si  4  4  4  4 


j=i 


where  { t j }  are  as  in  Definition  1.3  and  k  >0. 


The  proof  follows  on  the  lines  of  Proposition  4.3.1  in  Tanabe  [17] 
for  each  q  >qg. 

The  following  two  criteria  are  useful  in  testing  the  stability 
of  a  family  of  operators  {A(t)}  g  on  4. 

Proposition  1.3.  Let  {A(t))t  be  a  family  of  infinitesimal 

generators  of  (Cg ,  1) -semigroups  {S  (s)  :s  on  •  Let 

{ii*|  :na0}  be  a  sequence  of  T-compatible  norms  on  4  such  that 

for  each  T>0  there  exists  q^  5  0  and  for  q  2q^  there  is  a  constant 

a  = a  ( T)  satisfying  the  condition 
q  q 


Then  {A(t))t>g  is  a  stable  family  on  4>.  If  moreover  for  each  q  0 
is  independent  of  T  then  {A(t)}t>g  is  uniformly  stable. 

Proof:  Using  (1.12)  in  II  H  .  .  S,  ( s  .  )<+>!!  we  obtain  (1.10)  with  M  =1. 

-  ]=1  t.  ]  "q  q 

Proposition  1.4.  Let  {A(t)}  g  be  a  family  of  infinitesimal  generat 

ors  of  (Cq , 1) -semigroups  (St(s)  :s  >0)t>g  on  $  stable  with  respect 

to  the  sequence  of  norms  { ||  * |1  n  :n  >0}.  Let  {B(t)}^>Q  be  a  family  of 

continuous  linear  operators  on  <$.  Assume  there  exists  > 0  such 

that  for  q  > q^  and  T  >0  {B(t)}g<t<y  can  be  extended  to  a  family  of 

uniformly  bounded  operators  from  ^ j q j  to  ^  !  q | *  Then  (A(t)  +  B(t)}t>g 

is  a  stable  family  of  infinitesimal  generators  of  (Cg , 1 ) -semigroups 

{Vfc (s)  :  s  >  0 }  on  4>. 

Proof :  Let  q  > q^  and  also  denote  by  B(t)  the  extension  of  B(t)  from 

$  i  i  to  $ |  | .  Let 

111  lq I 


K  (T) 
q 


sup  ||  B  ( t ) 
0<t<T 


From  Proposition  1.1  for  each  t>  0  A(t)  +B(t)  is  the  infinitesimal 
generator  of  a  (CQ ,  1) -semigroup  (Pt(s)  :s^  °^t>Q  on  $  •  For  each 
T>  0  let  aq , q > q^  be  the  stability  constants  of  the  family 
{A(t)lt>g.  We  notice  that  Proposition  4.3.3  in  [17]  (see  also  Theorem  5.2.3 
in  [16])  remains  true  if  the  product  of  the  corresponding  operators  is  taken 
in  increasing  order.  Then  using  this  proposition  we  have  that  for 
each  q  5  max (qQ ,q^) 


n  (s . )  <f>| 
j=i  j  ] 


k 

(a  +K  (T  )M  )  .  I  s  . 

q  q  q  3=1  3| 


0  <t.  St- 


.  .  -  t,  t  T  ,  k  >  1 . 


Hence  the  family  [A(t)  +  B(t)}  n 


is 


»' 


f 


stable  with  stability  constants  M  ,  o  +K  (T)M  q  >max(qn,q'). 

^  ^  C[  CJ  u  u 


The  main  result  of  this  section  is  the  following  theorem  which 
gives  sufficient  conditions  for  the  existence  of  reversed  evolution 
systems  on  Its  proof  is  on  the  lines  of  the  construction  of  evo¬ 

lution  systems  on  Banach  spaces  following  an  idea  due  to  T.  Kato 
(see  [16]  and  [17]  )  . 

Theorem  1.3.  Let  (A(t)}  g  be  a  family  of  continuous  linear  operat¬ 
ors  on  such  that  for  each  t  >0  A(t)  is  the  infinitesimal  generator 


of  a  (Cg ,  1) -semigroup  on  $.  Let  { !| 


:n  >0}  be  a  sequence  of  t- 


compatible  norms  on  $  such  that  the  following  two  conditions  hold: 

(a)  [A(t)}t>0  is  a  stable  family  with  respect  to  {j|*||  :n  >0}. 

(b)  For  each  q  >0  there  exists  p  >q  such  that  for  each  t  c  0  A(t) 
has  a  continuous  linear  extension  from  <J> ,  i  to  h  (also  de- 

iPl  [qi 

noted  by  A(t))  and  t-*-A(t)  is  L($,  ,  ,  ) -continuous . 

!  p  I  i  q  I 

Then  there  exists  a  unique  reversed  evolution  system 
{ T  ( s ,  t )  :0<s<t<^}  on  $  such  that  for  each  T  >0  the 
following  three  conditions  are  satisfied: 

(1)  For  some  qQ  >  0  and  all  q  ,-qg 


3  (t'S) 

T(s,t)3>||q  <  M^e  4  ||  g||  for  all  :■ 


f ,  0  •  s  t  •-  T, 


where  M  =M  (T)  and  a  =a  (T)  are  the  stability  constants  ; 
q  q  q  q 

J 

( 2  )  -j^-T  (s  ,  t)  <t)  =  T  (  s  ,  t )  A  ( t )  4>  for  all  *>  I> ,  0  •  s  -  t  •  T  ; 


(3)  ^T(s,t)D  = 


-A(s)T(s,t)f>  for  all  *  J> ,  0  s  ■  t  •-  7 


f  *L  V** \  ' 


'■WWW 
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If  moreover  (A(t)}  q  is  a  uniformly  stable  family  then  conditions 
( 1 )  —  ( 3 )  hold  for  0  is  it  •■'  =. 

Proof :  Let  T  >0  be  fixed  but  otherwise  arbitrary  and  let  q  >0. 

Then  by  condition  (b)  there  exists  p  >q  such  that 

(1.13)  ;|  A(t)  -  A  ( s )  |!  .  .  -  0  uniformly  in  t  [  0  ,  T]  . 

Pi'  q^ 

n  k 

Let  fck  =  n^”  ^  =  0  ^  *  •  •  •  >  n  and  define  the  following  step  function 
approximation  of  A(t): 


An(t)  = 


A(tjJ)  t£  <  t  -  t"+1  k  =0,1 .  n-1 


A  ( t )  t  =  T  . 


Then  by  (1.13)  for  each  q  >0  there  exists  p  >q  such  that 

(1.14)  I A  ( t )  -  An(t)i!L({,  j,  ,)  n^oc  0 

Pl  ;  q  i 

uniformly  in  t  t  [ 0 , T ] . 

For  each  t  >0  let  (S^(s)  :s  -0}  be  the  (C^ , 1 ) -semigroup  on  $ 
generated  by  A(t) .  For  n  > 1  define  the  two  parameter  family  of 
operators 


5  n(t  -s) 

t  . 

3 


tn  <  s  -  t  <  tn 

j  j+1 


T  (  s  ,  t )  = 
n 


SVh.l-sl.  V  ,s  n<S)S  „<*-<> 


j=i+l  t 


,  n  n 

h 1 3  ■  Vi 


wm 


Using  the  semigroup  property  of  {S  (s)  :s  >0}  it  is  easy  to 
verify  the  reversed  evolution  property  of  T  (s,t)  i.e. 

T  ( s ,  t )  =  T  ( s ,  r )  T  ( r ,  t )  0  <  s  <  r  <  t  <  T ,  T  ( t ,  t )  =1, 
n  n  n  n 

and  using  the  continuity  of  the  map  s  -*-S  (s)$  for  each  p  $  and 
t  >0  it  follows  that  for  each  p  e  $ 

(1-15)  (s,t)  -►  T  (s,  t )  <J>  is  continuous  in<J>,  0  <  s  <  t  <  T. 

Thus  for  each  n  >  1  {T  (s,t)  :  0  s  s  s  t  <  T}  is  a  reversed  evolution 

n 

system  on  Moreover,  from  the  definition  of  Tn(s,t)  and  the 

fact  that  A ( t )  is  the  infinitesimal  generator  of  { S  ( s )  :s  s  0 }  we 
obtain  the  following 

CL. 16)  -  Tn(s,t)An(t)»  j-1 . .  OisitsT, 


(1. 17) 


-ttT  (s , t) g 
as  n 


-An(s)Tn(s,t)(J>  S  ^t.  j=l. 


f  n,  Oisn<T- 


Next  for  each  <t>  e  $  the  map  r  ->■  T  (s ,  r ) Tm  (r , t )  }  is  differentiable 
except  for  a  finite  number  of  values  of  r  and 

(T  (s,r)T  (r,t)4>)  =  T  (s,r)(A  (r)  -  A  (r)  )  T  (r ,  t)  g . 
dr  n  m  n  n  m  m 

Then 

t 

T  (s  ,  t)  p  -  T  (s,  t )  <J>  =  /t  (s  ,  r)  (A  (r)  -  A  ( r)  )  T  ( r ,  t )  ^>dr  p  $,  0  -  s  - 1  ■-  T 
n  m  ;  n  n  m  m 

s 

and  for  each  q  :  0  and  <p  *  $ 


1.18)  ,'|Tn(s,t )*  -Tm(s,t)  Ji|  /f[Tn  (s, r)  (An(r)  - Am(r)  )Tm(r,t)  : q> 


dr  0  s  t 


•*.  ■ 

hj  -jS  ■  ■  - 'aV.V 


•.v.v. - 
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Now  using  the  definition  of  T  (s,t)  and  the  stability  condition 
(1.10)  we  have  that  for  each  q  >qQ  (where  qQ  is  given  by  the  stability 
condition)  and  0  <  s  <  r  <  t  <  T 


(1.19)  ||Tn(s,r)  (An(r)  - \(r)  )Tm(r,t)*||  q  <  Mqe  >||(An(r)  -  Am (r)  )Tm(r,t) * |  . 


Using  condition  (b)  we  have  that  for  each  q  >qQ  there  exists  p  _•  q 
such  that  for  0  $s  <r  <T  and  <6  e  4> 


(An(r|-Am<r))Tm(r't)^q  s  I  Vr>  -Am(r)“  L 


<»|p1'»|q|»;|T”(r't,*llP 


and  using  again  the  definition  of  T  (r,t)  and  the  stability  condition 
(1. 10)  we  have  that  for  $  e  $  and  0  <  r  <  t  <  T 

(1.20)  [|Tm(r,t)»||p  <  Mpe0p<t‘r>||4,||p. 


Then  taking  M=max(M^,M^)  and  o  =ma x(ap,a^)  using  the  last  three 
inequalities  in  (1.18)  we  obtain  that  for  0  <s  <t  <T  and  0  e  4> 


(1.21)  ||Tn(S,t)*-Tm(S,t)»||q  s  M2^-5'  ||*||  /l|An(r)  -Am(r^ 


which,  using  (1.10),  goes  to  zero  as  n,m  goes  to  infinite. 

Henca  for  each  <p  e  Q ,  q  >q.  and  0  <  s  <  t  <  i  {T  ( s ,  t )  }  ,cj  j 

u  n  n>l 

a  Cauchy  sequence  in  $|q|  and  therefore  a  Cauchy  sequence  in  $ . 
Thus  for  each  <)>  e  4>  and  0  ^s  ^t  <T  define  the  reversed  evolution 
system 

(1.22)  T(s,t)$  =  lim  T  (s,t)4>  (limit  in  4>)  . 

„  n 
n-*-°° 

Then  by  definition  we  have  that  T(s,t)$  ■=  $  and  using  (1.20)  we 
have  (1)  in  the  Theorem  which  also  shows  that  T(s,t)  <r  L  (•*>,<*>)  . 


Properties  (1.3)  and  (1.4)  follow  since  T  (s,t)  satisfies  them. 

n 


Before  proving  (2)- (3)  in  the  theorem  we  make  the  following 
observation:  The  system  {T(s,t)}  =  {T^{s,t)}  in  (1.22)  is  defined 

for  0  <s  <t  <T  and  would  appear  to  depend  on  the  interval  [0,T]. 

We  now  show  that  under  the  stability  condition  on  the  family 
{ A (t ) } t5g / 

(1.23)  T^(s,t)$  =t"^  (s,t)<)>  for  all  4>  e  <}> ,  0  $s  $t  <T  s  T  ’  . 

Let  T  '  >  T  >0  and  define  t£  =  — T  '  k  =  0 , 1 ,  .  .  .  ,  n-1 

k  n 


An(t)  =  A(t£)  t£<_t<t£+]_  k  =0,1,  .  .  .  ,  n-1 


An(T  '  )  =  A  (T  '  ) 


S~n(t  _s)  <  s  <  t  <t*+1 


Tn(s,t)  =  { 


s~n(^4.i  -s)  n  S  (^— )S  (t  -  t") 
t"  i+1  j=£+i  tC  n  t"  k 


k-1 


J 


-n , 


k  >  t  tn  i  t  ,r  tn 
k  k-f 


rn  .  ;n 
t  £  -S  '^4 


Using  (1.13),  for  each  q  20  there  exists  p  >q  such  that 


(1.24)  ||  A  (t)  -  A  ( t )  ||  .  , .  .  ,  -*■  0 

11  n  n  "  L  (0 1  |  ,  i  |  )  n-*-00 

!  P  I  I  q  I 


uniformly  in  0  <t  <T  <  T '  .  Next  for  each  <j>  ?  $  the  map 


r  -*•  ( s ,  r)  (r ,  t )  <j>  is  continuously  differentiable  except  for  a 


finite  number  of  values  of  r  and 


~r~  ( T  ( s ,  r )  T  (r,t  )<p)  =  T  ( s  ,  r )  (A  ( r )  -  A  (r)  )  T  (r,  t )  * 
dr  n  n  n  n  n  n 


vv 


_v  V  *.  .  -  .  ■  . 


Tn(s,t)<D -Tn(s,t)0  =  /Tn(s,r)  (An(r)  -  An  (r)  )Tr  (r,t)  <p  dr  for  all  )?♦, 


0<s<t<T-_T'. 


Then  using  (b)  and  the  stability  condition/  for  each  q  >  0  there 


exists  p  >q  such  that 


||Tn(s,t)<p  -Tn(s,t)4>||  5  M  (T)Mp(T,)ea(t"S) 


/  A  r)  -  A  (r){\  ,  . .  .  .dr 

p  ‘  11  n  n  m  L  (<t».  ,  ,0,  ■ ) 
r  s  PI  , q | 


where  a  =ma x(a  (  T)  ,a  ( T '  )  )  and  M  (T)  ,  M  (  T'  )  ,  a  (T  )  and  a  (  T'  )  are 

q  p  q  p  q  p 


the  stability  constants.  Then  using  (1.24)  and  (1.22)  we  obtain 


(1.23)  . 


Now  we  return  to  the  proof  of  the  theorem.  To  prove  (2)  let 


q  >0  and  <p  e  4> ,  then  since  for  each  t  20  A(t)  is  the  infinitesimal 


generator  of  {S.  (s)  :  s  ^0),  the  function  r-*-S  (r-s)T  (r,t)<t>  is 
t  n 


differentiable  except  for  a  finite  number  of  values  of  r  and  we 


have  that 


|T  (t/S)0  - Sc (t  - s) <p  II |  =  II  /  ^{So(r  -s)T  (r,t)4>}dr|l 


nv  '  v  s  ’q  J  dr  s  '  n  iiq 


S  (r-s)  (A(s)  -A  (r))T 1  (r,t)<pdr 
s  n  n  q 


<  M2ea(t_s)  ||  4>||  /  H  An(r)  —  A (s)|] 

c 


L (*. 


Pi  1  q  1 


for  all  OcO,  0  <s  <t  <T  where  M,a  and  p  are  as  in  (1.21).  Then  using 


(1.14)  and  (1.22)  we  obtain  that  for  0  ^  s  it  <  T  and  i>  *  0 


(1.25)  ||T(s,t)0  -Sg(t  -s)0||q  ^  M2ec(t‘S)||0|^  /||A(r)  -A(s)||L($i  ^  }dr 


P;  ,qi 


Hence  by  dividing  both  sides  of  (1.25)  by  t  - s  and  letting  t  - s 


we  have  that  for  each  q  >  0  and  0  -e  0 


T  ( s  ,  t )  0  -  Ss  (t  -  s)  oil  -  0  as  t  4.  s  . 


1  -  *  .  •  A*  V  %"  S'  *«  *. 


which  together  with  (1.28)  imply  (2)  in  the  Theorem.  In  a  similar 
way  (3)  is  proved. 


To  prove  uniqueness  of  the  system  (T(s,t)  :0<s<t<T},  suppose 
that  V(s,t)  is  a  reversed  evolution  system  with  generators  { A ( t ) }  Q 
satisfying  (1)  and  the  same  forward  and  backward  equations  (2)  and 
(3).  Then  except  for  a  finite  number  of  values  of  r  the  map 
r  ■*  V  (s ,  r)  T^  (r ,  t)  <J>  is  continuously  differentiable  for  each  i  t  i  and 
we  obtain 

t 

V(s,t)b  —  T^ (s , t) 0  =  /v(s,r)  (An(r)  -A(r))T  (r,t)4>dr  far  all  0  €  $ ,  0<sst<T. 

s 

Using  (1.20)  for  Tn(s,t)  and  (1)  in  the  theorem  for  V(s,t)  we  ob¬ 
tain  that  for  each  q  50  there  exists  p  >q  such  that 

||V(s,t)<j.-Tn(s,t)<D  ||  s  M  (T)M  (T)ea(t's)  ||  <*>||  /  II A(r)  -An(r)||  $  dr. 

s  IpI'  |q! 

Then  by  (1.14)  and  (1.22)  we  have 

V(s,t)$  =  T(s,t)<J>  for  all  <J>  €  0 ,  0  ss  <t  <T,  T  >0.  I 

Definition  1.4.  A  reversed  evolution  system  (T(s,t)  :0  <s  <t  <“} 
on  0  satisfying  ( 1 )  —  ( 3 )  in  Theorem  1.3  is  called  a  (CQ , 1 ) -reversed 
evolution  system. 

The  following  is  a  perturbation  result  for  (C  , 1 ) -reversed 
evolution  systems  on  i>. 

Theorem  1.4.  Let  {A(t)}.  „  be  a  family  of  continuous  linear 

-  t  i  o 

operators  on  0  satisfying  the  conditions  of  Theorem  1.3.  Let 
{B  (t) }  0  be  a  family  of  continuous  linear  operators  on  4  such  that 

there  exists  q^  >  0  and  for  q  >q^  and  t  .'0  B(t)  has  a  continuous 
linear  extension  to  J  ,  and  the  map  t  -*  B  (t)  is  L  (0 ,  ,  ,  $  ,  )  -con- 

:q  ; q 1  , q : 

tinuous.  Then  there  exists  a  unique  (Cg  ,  1 ) -reversed  evolution 

system  V(s,t)  on  0  satisfying  (l)-(3)  in  Theorem  1.3  for  the  stable 

family  (A(t)  +8(t)}  of  infinitesimal  generators  of  (C„,l)-semi- 

t  -  0  0 


A"VkV.V^VLVVW^AnA'lV1.V.ViViV. 


groups.  Moreover  V(s,t)  satisfies  the  integral  equation 


(1.29)  V  ( s  ,  t )  <J>  =  T  ( s  ,  t )  4>  +  /T  ( s  ,  r )  B  ( r )  V  ( r ,  t )  $dr  for  all  +>  e  <J,  0  •-  s  c  t 


where  T(s,t)  is  the  (Cq , 1 ) -reversed  evolution  system  generated  by 
the  family  {A(t) )t>0. 

Proof :  Under  the  conditions  on  {B(t)}t>g  anc*  using  Proposition  1.4 

the  family  (A(t)  +  B(t)}  q  satisfies  the  conditions  of  Theorem  1.3 
which  proves  the  existence  of  the  reversed  evolution  system  V(s,t) 
satisfying  properties  ( 1 )  —  ( 3 )  in  Theorem  1.3  for  the  family 


{ A  ( t )  +  B  (t)  }  Q. 

To  show  that  V  satisfies  (1.29),  for  each  T  >0  and  $  e  4>  define 
for  0  <  s  <  t  ^  T 


VQ  (s,  t)  <J>  =  T  (s,  t)  <J> 


(1.30)  V(m)  (0,t)  $  =  /T(s,r)B(r)V(m_1)  (r,t)  ?dr  m>l 


V(s,t)4>  -  [  V  m  (s,t)$  (convergence  in  $)  . 

m=0 

Applying  (1)  in  Theorem  1.3  to  T(s,t)  and  using  the  continuity  of 

the  map  t  B  (t )  in  L(<Ji  (  ,  i)  for  q  iqn,  we  have  that  for  q  -  a  , 

I  q  i  I  q  i  0  u 

0  -  s  -  t  i  T  and  m  > 1 


c  (t-s) 

!i V  (s,t)  f!|q  •:  Mqe  q 


,  .  ,  ui 

( K  (T  )  M  )  ii  ;;|  for  all  t>  ■:  5 

q  q  1  ml 


where 


Ka(T)  =  sup  ||  B  ( t )  l|  ,  , 


A  \ 


1 1  *.«  -.1  'J  *.i  -J  .'l.U.  Il.,l‘i  »*« 


Then  for  each  4>  $  the  series  (1,30)  converges  on  $  uniformly  in 


0  <  s  <  t  <T  and  therefore  V  satisfies  (1.29).  Moreover  for  q  a  q 


V  ( s  ,  t )  $1!  <  M„  q  q 


(a  + K  ( T ) M  ) (t-s) 


i|  1>j|  for  all  5  €  $ ,  0  <  s  <  t  ■£  T 


which  shows  (1)  for  V  in  Theorem  1.3. 


It  is  not  difficult  to  prove  that  V  also  satisfies  (2)  and  (3) 


in  Theorem  1.3  which  shows  that  V=V. 


As  a  consequence  of  Theorem  1.4  we  now  obtain  the  reversed 


evolution  system  generated  by  a  family  of  operators  of  the  form 


(A  +  B  (t)  } .  ^  .  Following  the  terminology  for  Banach  spaces  used  by 
Curtain  and  Pritchard  [3]  we  call  these  operators  "quasi-generators". 


Corollary  1.1.  Let  A  be  a  continuous  linear  operator  on  4>  which  is 


the  infinitesimal  generator  of  a  (CQ,1)  semigroup  (S(s)  :s  >0}  on  $. 


Let  {B  ( t) }  0  be  a  family  of  continuous  linear  operators  on  $  such 


that  there  exists  a  sequence  of  x-compatible  norms  U  *'l  n  :n  >0}  on 


$  and  qQ  2  0  such  that  for  q  >qQ  and  t  >0  B(t)  has  a  continuous 


linear  extension  to  1  i  and  the  map  t-*-B(t)  is  L(4>i  ,  ,  <t> ,  ,)  con- 

I  q  I  ! q I  I q I 


tinuous.  Then  the  family  (A  +B(t)}  q  is  stable  and  there  exists 


a  unique  (CQ , 1 ) -reversed  evolution  system  T(s,t)  on  $  satisfying  (1)- 


(3)  in  Theorem  1.3  for  the  family  {A+B(t)}t>Q.  Moreover  T(s,t) 


satisfies  the  integral  equation 


(1.31)  T  (s  ,  t )  t>  =  S  (t  -  s)  <p  +  /s(r-s)B(r)T(r,t)j>dr  for  all  O  s-t. 


The  follcwing  result  will  be  used  in  proving  uniqueness  of  the  solu¬ 


tion  for  the  stochastic  evolution  equation  in  the  next  section, 


'  ‘  Xv: 


*  ■/  V  ■  .*v  V  v/*  .  s,  «•  u  ■ 


Proposition  1.5.  Let  {A(t)}t>Q  be  a  family  of  linear  operators  as 
in  Theorem  1.3.  Then  for  any  s  the  $' -valued  initial  value  problem 


X.  =  X  +  /A'  X  ds 
t  0  Q  s  s 


i  .  e .  , 


X.  [<M  =  X  [ ]  +  /X  [A  <p]ds  for  all  0  €$ 

U  U  q  s  S 


has  a  unique  4>'-valued  solution  given  by  5  =T'  (t,0)Xg  where 

{T(s,t)  :0  <s  st  <°°}  is  the  (C^ ,  1 ) -reversed  evolution  system  on  $ 
generated  by  the  family  {A(t)}t>Q- 

The  proof  of  the  above  proposition  follows  easily  from  the 
following  lemma. 

Lemma  1.1.  Let  {A(t)}t>Q  be  a  family  of  continuous  linear  operators 
on  $  satisfying  the  conditions  of  Theorem  1.3  and  let 
{T(s,t)  :  0  <s  st  <«}be  the  (CQ,l)-reversed  evolution  system  generated 
by  it.  Let  B  be  any  continuous  linear  operator  from  $  to  5.  Then 
for  each  F  c  $ '  and  0  <  ust  the  following  identities  hold: 

t 

(a)  F[BT(u,t)$]  =  F  [  B<J>  ]  +  /f  [  BT  (u ,  s )  A  ( s )  f  ]  ds  for  all  >  €$ 

u 

t 

(b)  F[BT(u,t)d>]  =  F  [  Bb  ]  +  /f  [  BA  (s)T  (s,t)  f]  ds  for  all  p  <0. 

u 


Proof : 


Use  the  forward  and  backward  equations  given  by  (2)  and  (3) 
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2 .  STOCHASTIC  EVOLUTION  EQUATIONS 

Let  ( H , F,P)  be  a  complete  probability  space  with  a  right  con¬ 
tinuous  filtration  (Ft)t>g,  ^0  conta;'-n^n9  ail  the  P-null  sets  of 
F.  Let  ($,!*!  n  >0)  be  a  countably  Hilbertian  nuclear  space  and 
^n'^n  n>0  and  <J> *  be  as  in  Section  1.  Let  M=(Mt)fc  be  a  -valued 
martingale  with  respect  to  ,  i.e.  for  each  <p  ?  $  (Mfc  [g]  ,  Ffc)  is 
a  real  valued  martingale.  This  section  concerns  the  solution  of 
the  $' -valued  stochastic  evolution  equation 


: 2 . 1 )  d?  =  A'  (t)C  dt  +  dM  t  >0 


Y 


where  y  is  a  ^'-valued  random  variable,  (A(t)}  ^  is  a  family  of 

continuous  linear  operators  on  $  generating  a  (CQ , 1) -reversed  evo¬ 
lution  system  { T  ( s  ,  t )  :0<s^t<°°}  on  4>  and  { A'  (t )  }  ^  are  defined 

by  the  relation  (1.2).  We  also  consider  perturbations  of  (2.1) 
i.e. 

(2.2)  d^t  =  A'  (t)Ct«dt  +  B'  (tJC^dt  +  dMfc 

where  {B(t);^>Q  is  a  family  of  continuous  linear  operators  on  <5. 

Our  results  also  include  the  case  when  A(t)  =A  t  50  and  A  is  the 
infinitesimal  generator  of  a  (Cg , 1) -semigroup  on  0  (Corollary  2.2). 

To  begin  with  the  study  of  stochastic  evolution  equations  driven 
by  5' -valued  martingales  we  first  recall  from  Mitoma  [12]  some 
properties  of  such  -valued  processes.  We  will  denote  by  D ( T; i ' ) 
(respectively  C(T;  'V'))  the  space  of  right  continuous  processes  with  left 
hand  limits  (respectively,  continuous  orocesses)  indexed  by  T ( [ 0  ,  T  ] 
or  [0,r))  and  with  values  in  • 


(  :  '  or  ; ' ) . 


Proposition  2.1.  (a)  If  M=(Mt)t>Q  is  a  ^'-valued  martingale  there 

exists  a  ^'-valued  version,  also  denoted  by  M,  such  that  the  follow¬ 
ing  two  conditions  hold: 

( i  )  For  each  T  >  0  there  exists  mT  >  0  and  €  D  (  [  0  ,T  ]  ;  $  1  )  a .  s  . 

I  •  mT 

T  1 

where  M.  =  (M  :  0  s t  <T ) . 

(ii)  M.e  D  (  [0  ,°°)  ;  $' )  a.s. 

2 

(b)  If  moreover  E(M  [;}>])  <  «>  for  all  $  «  $ ,  t  >  0  then  for  each 

T  >0  there  exists  qT>0  such  that  ■£  D(  tO,T]  ;«f>*  )  a.s.  and 

qT 

2 

E  (  sup  I M  |  )  <  00 . 

0<t<T  t  “qT 

In  view  of  the  above  proposition,  from  now  on  we  shall  always 
consider  O' -valued  martingales  in  D  (  [ 0  , °°)  ;  $ '  )  . 

We  now  give  the  meaning  of  the  solution  of  the  stochastic  evo¬ 
lution  equation  (2.1).  A  similar  definition  is  given  for  the  solu¬ 
tion  of  the  perturbed  equation  (2.2). 

Definition  2.1.  We  say  that  the  stochastic  evolution  equation  (2.1) 
has  a  -valued  solution  Z  =  (£t)  q  if  Z  satisfies  the  following 
conditions : 

(a)  -’t  is  O' -valued,  progressively  measurable  and  Ft~adapted. 

(b)  -;t  [  j]  =  Y  1 4>  ]  +  /q^s  [A  (s)  4>  ]  ds  +  Mfc[0]  for  all  i-:0,  t  a.s. 

In  Theorem  2.1  below  we  will  prove  that  the  unique  solution  of 
(2.1)  is  given  by  the  so  called  "evolution  or  mild  solution" 

t 

''  =  T ’ (t ,  0)  y  +  / T  ’  (t,s)dM 

t  s 

where  IT  1  (t , s)  :  0  < s  <  t  <  »}  is  the  evolution  system  on  i ’  adjoint 

to  the  (Cq  ,  1) -reversed  evolution  system  (T(s,t)  :0  n  s  <t  <  ■»}  on  5, 

2 

and  M  is  a  $  -valued  martingale  such  that  F.  (M  [?])  <  for  all  :  i. 


ss 


I  «•!  *  tfc  »l. ‘«l.  •*l‘4>  '*>- 


t  iO.  The  above  ^'-valued  integral  is  defined  for  each  T  >0  and 


0  <t  <T  as  the  sum  of  the  L  -convergent  series 


(2.3) 


t  t  *>  t 

(/t' (t,s)dM  ) [$]  =  JdM  [T(s,t)o]  =  7  /  ^T(s,t) 1, * .>  dM  b . , 
0  S  0  s  HO  3  PT  S  ] 


where  p_  >  qT  is  such  that  the  injection  t> 

T  T  p. 


H  is  nuclear,  qT  is 


as  in  Proposition  2.1(b)  and  ^  is  a  CONS  in  ?  .  The  evolu¬ 


tion  solution  has  the  important  property  of  being  a  t' -valued  semi- 


martingale,  i.e.  for  each  j>  .  *>,  ;  [ g> ]  is  a  real  valued  semimartingale. 


We  now  present  the  main  result  of  this  section  concerning  the 


solution  of  the  stochastic  evolution  equation  '2.1). 


Theorem  2.1.  Assume  the  following  conditions: 


(Al)  y  is  a  <5 1  -valued  F^-measurable  random  ele-  <■  nt  such  that  for 


some  rn  >  0  E  I  v  J  <  <*>. 

0  ro 


(A2)  M  =  (Mt)t>0  is  a  "valued  martingale  such  that  M ^  =0  and 


for  each  t  iO  and  f  E(M  [:]) 


(A3)  {A(t)}fc>Q  is  a  family  of  continuous  linear  operators 


satisfying  the  following  two  conditions: 


(a)  (A(t)}  q  is  stable  on  $. 


(b)  For  each  n  >0  there  exists  min  such  that  for  each  t  -•  0 


A  ( t )  has  a  continuous  linear  extension  from  i  to  i>  and 

m  n 


the  map  t  -*-A(t)  is  L  ( *5  ,  4>  )  continuous. 

m  n 


Then  the  stochastic  evolution  equation  (2.1)  has  a  unique  ? ' -valued 


solution  -3  =  Kt)t^g  given  by  the  evolution  solution 


(2.4)  £  =  T '  ( t ,  0 )  y  +  /T'(t,s)dM 

0  s 


>»v vw-;  .  - 


‘.’'"v'  *-■*  ’«  v 

’*  ‘HA/-  NA.  % 


%  A  ,'  .A  %  A  V>:a  \  •,  A  \ 


VA  A  A 


.  *.  .A 


Vyv*_" 


where  {T(s,t)  :0  <s  <t  <°°}  is  the  unique  (CQ , 1 ) -reversed  evolution 
system  generated  by  (A(t)}  Q  and  9iven  by  Theorem  1.3.  Moreover  : 
has  the  following  properties: 

(1)  E,  t  ►  D  ( [  0 , 00 )  :  <5  '  )  a.s.  and  for  each  T>0  there  exists  Py  >0 
such  that  £  D( [0,  T]  )  a.s.  and 


E  (  sup  | 
0<t<  T 


’t1- 


PT 


)  < 


(2)  C  given  by  (2.4)  satisfies 


Z.  =  M  +  { T  '  ( t ,  0 )  y  +  /T'(t,s)A'  ( s )  M  ds  } 

0  S 


i.  e.  , 

t 

£  [$1  =  M  [  <p )  +  {y  [T  (0,t)  <J>]  +  /m  [A(s)T  (s,t)  cf)  ]  ds }  for  all  0e$. 
C  0S 


Proof:  By  condition  A3  and  Theorem  1.3,  the  family  {A(t)>t>0 

generates  a  unique  (Cq  ,  1) -reversed  evolution  system  {T(s,t):  0^sit<® 
on  4> . 


For  T  >0  let  q-j.  given  by  Proposition  2.1(b)  (we  take  q^  ir^)  and 
define 


D .  =  {  w  ■£  H  :  m"[  e  D  (  [  0  ,  T  ]  ;  <J> '  )  }  n  {  w  e  Q  :  |  y  ( w )  |  _  <  °° }  > 

*5  r  n 


(2.5)  C T  ( )  =  sup  ! M  ( jj )  | 

T  0 '  t ••  T  '  -^T 


Then  by  A1  and  Proposition  2.1(b)  P((2^)  =1  and  C  y(uj)  <  *>  for 
uj  Moreover,  using  (1)  in  Theorem  1.3  and  A3  (b)  there  exists 

r-j-  >  q  j  such  that 

a  T 

3  T 

(2.6)  | A(s)T (s,t) 1  '  M  e  K  for  all  >•--  *,  0  £  s  ■- 1  ■  T 

q-T  q> T  r T 


whe  re 


’  ^  a  i '  i 


%r/~vr-rvjrv-  *>r,  v. 


I  .J  M  m  Li  iJ  U  i.' 


K  -  SUP  ||A(t)||L{4  /$ 


lj  0<t<T 


rT  qT 


It  is  important  to  observe  that  if  q^.  =q  independent  of  T, 

then  rj  = r  also  is  independent  of  T  and  (2.6)  holds,  although  the 

constants  M  ,  a  ,  and  K  might  still  depend  on  T. 
qT  qT  qT 

The  proof  of  the  theorem  is  completed  in  several  steps. 

Step  1  We  first  show  that  for  each  t  >  0  the  map 


<J>  -  JM  [A(s)T  (s,t)  <f>]  ds 


is  continuous  and  linear  on  <J>  a.s.:  Let  T  >  0  be  fixed  but  other¬ 
wise  arbitrary  and  w  e  S2^.  Using  (2.5)  and  (2.6)  we  have  that  for 


0  <  t  <  T 


(2.7)  I /M  U)  [A(s)T(s,t)4>]ds|  <  Ct(w)TN  (T)  |4>|  for  all  $  e  $ 
0S  ‘  rT 

o_  T 

q  T  T 

where  N,  (T5  -  M  e  K  .  Then  for  oi  Q,  and  0  ^  t  <  T 

1  Q  t  Q  t 


(2.8)  Y  U)  [<t>l  :=  /M  U)  [A(s)T(s,t)ct>]ds  <J>  £  $ 

os 

defines  a  continuous  linear  functional  on  i.e.  Y  (uu)  £  $' . 
Moreover  from  (2.7)  we  have  that  for  u>  e  Q J 


(2.9)  sup  |  Y.  (^u)  I  |  2  <  (w)  T2M?  (  T)  !  I  ^ 

0<t<T  c  1  T 


for  all  )  f i. 


Since  T  > 0  is  arbitrary  then  for  each  t  >0  Y  *  $ '  a.s. 
Step  2  For  each  T  >  0  there  exists  p j  >  r  j  such  that 


Y  :=  (Yl  :  0  <  t  <T  )  <C([0,T]  :  )  a.s. 


V 


Let  T  >0,  a)  €  (we  will  sometimes  suppress  w  in  the  writing)  and 


t  ,t  >  [ 0 , T ] .  Using  Lemma  1.1(a)  it  is  not  difficult  to  show  that 
(assuming  tg  <  t) 

fc0t  t 

Y  [<J>]  -  Y  [$]  =  /  /  M  (A(u)T(u,s)A(s)  $]dsdu  +  /  M  [A(u)T(u,t)  p]du  for  all 

°  0  ‘o  ‘o'1 

Next  using  (2.7)  and  condition  A3  (b)  ,  there  exists  >  r^  such  that 
for  some  constant  ^(T) 


(2.10)  |Y  U)  [g]  -Y  (ud  [;>]  U  C  f^N  (T)Tlt -t  i  !  >;  ,  for  all 

t  tg  \  £  U  <  y 


Then  Y  (m)  [$]  is  continuous  in  0  <t  <  T  for  all  $ 


t, 


'1‘ 


Let  p.j.  >  rj  be  such  that  the  injection 


$  is  a  Hilbert- 


Schmidt  operator  and  let  ^  eft  be  a  CONS  for  i>  .  Then  from 

3  3^1  P  j 

(2.9)  for  uj 


(2.11)  l  sup  (Y.(oj)  [g.])2  <  Cy  (uj)  T2N^  ( T)  7  !$.i?  <  ». 
j=l  0<t< T  C  3  1  1  j  =  l  :  rT 


Then  using  the  continuity  of  Y  (uj)  [$]  ,  (2.11)  and  the  dominated 

convergence  theorem  we  have  that  for  uj  -  and  t,tQ  -  [0,T] 

lim  |  Y  (uj  )  -  Y  (u.)  \*n  =  lim  £  (Y^_  (ou)  [  .  ]  -  Y  (w)loj)  =  0. 

1  'Pt  ‘~‘o  i-1  1  3  ‘0  ’ 

Then  we  have  shown  that  for  each  T  >  0  there  exists  p^  >  r  such 

that  YT  (uj)  €  C  (  [0,T]  ;  1>'  )  for  u>  €  P.J,  P  (ft!)  =1. 

PT  11 

Step  3  We  shall  prove  that  there  exists  a  5 '-valued  process  ^ 
satisfying  (b)  in  Definition  2.1. 

°o  T 

Let  T  and  2.  =  r  ?  n,  then  P(2.)  =1,  and  from  Step  2  we 

n  1  n=l  1  1 


have  that 
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Y#  U)  e  C  (  [  0 ,  °°)  :**>')  ui  e  JJ  . 

Let  0.  =  {uj  ?  Q  :  M  (uj  )  s  D  (  [  0 , 30 )  :  4> 1  )  }  n  { a)  2  :  |  y  (u)j  _  <  ■» }  .  Then  by 

ro 

(Al),  (A2)  and  Proposition  2.1a(ii)  PiCl^)  =1.  Let  Cl*  =  ?i.^Cl^, 

then  P(Q*)  =1  and  for  oj  e  rt* 

(2.12)  £  (*>)  =  T  '  ( t »  0  )  y  (uj  )  +  Y  (uj  )  +  M  (tu) 

is  a  well  defined  element  on  $ '  for  each  t  > 0.  Since 
Ym  eC([0,®)  :  $ '  )  a.s.  and  M#  £D([0/°o)  :  <t> '  )  a.s.  then 
m  tDdO,31)  :<&')  a.s.  and 

t 

(2.13)  C,  [cp]  =  y[T(0,t)  $]  +  /M  [A(s)T(s,t)$]ds  +  M  [<j>]  for  all  <J>  e  i,  t  i  0  a.s. 

0  r 

Nexc  let  uj  eil*,  t  >0  and  <J>  e  <J>  (we  will  suppress  u ,  in  the  writing). 

Applying  Lemma  1.1(a)  to  B  =1,  F  =  y  and  u  = 0  we  have 

t 

(2.14)  y  [T  ( 0  ,  t )  $  ]  =  y[<t>]  +  /y  [T(0,s  )A(s)  4>]ds 

0 

and  taking  F  =M^,  B=I  in  Lemma  1.1(a)  we  obtain 

t 

(2.15)  M  ( A  (u)  T  (u,  t )  <{>  ]  =  M  [A  (u)  $  ]  +  /  M  [A(u)T(u,s)A(s)$]ds. 

u  U 

Using  (2.14)  and  (2.15)  in  (2.13)  and  applying  Fubini's  theorem 
we  obtain 

t  t  s 

C,.  [?]  =  Y  [<+>)  +  /y[T(0,t)A(s)$]ds  +  /{M  [A  (s) p]  +  /M  [A(u)T(u,s)A(s)  i  ]du‘ds  +  M  [ 
0  0  s  0  u 

t 

=  y[p]  +  fz  [A(s)$]ds  +  M  [g] . 

0S  C 

Then  the  process  £  given  by  (2.12)  satisfies  (b)  in  Definition  2.1. 

Observe  that  the  map  (t,o>)  -►%  (m)  is  8  (  i '  )  /  S  (  ER)  *  F-measurable 

M  Y 

and  for  each  t,  %  is  F^'  -measurable  where 


,  it.  iwi 


r  '  =  C  { Y  [0]  ,  M  [  0  ]  :  0  <  S  <  t ,  f  ■:  i> }  . 

U  5 


Moreover, (2 . 12) ,  Proposition  2.1(b)  and  Step  3  give  that  for  each 


T  >  0  there  exists  Py  >  0  such  that 


b  e  D  (  [  0  ,  T]  ;  '  )  a.s. 

PT 


Step  4  It  remains  to  shew  that  r defined  by  (2.12)  and  satisfying  equation  (b) 
of  Definition  (2.1),  is  given  by  the  expression  (2.4)  so  that  the  latter  is  the  re 
quired  solution.  Uniqueness  follows  easily  from  Proposition  1.5.  For  each  T'O  let 


Py  >  qy  be  such  that  the  injection  is  a  nuclear  operator, 


By  (A2),  (2.5)  and  Proposition  2.1(b) 


(2.16)  E  (  sup  (M  ( $  ]  )  z )  <  E(Ct)2U!^ 
OstsT  qT 


<  00  for  all  f>  e  $ . 


First  observe  that  the  series 


(2.17) 


T  / <T(s,t)  f>,f  ■  >  dM  [  >  . 
j=l  0  ]  PT  s  3 


converges  in  L  (:,'.)  for  f  •  ■*>.  For,  using  (2.16),  conclusion  (1)  of 


Theorem  1.3  and  the  nuclear  property,  we  have  that  for  0-  t  •  T 


and  $  4> , 


<  t  t 

)  v  I  E/^T(s,t)  1>,  1  .  >  dM  b  •  ]/•  T(s,t)  1,  "  dM  [  r 


j=l  k=i!  6  ]  PT  s  ]  0  k  PT  s  K 


t  p  t  2 

V  { e/-  T(s,t)  : , d'  Mb  ]  •  -Ej  t  (s,  t)  : ,  i  ■  d- Mb 
j  =  l  k=l  0  :  PT  3  s  0  k  PT 


k  s 


2  ^  2  ■  T 

MZ  ‘  1  Z  P  P  (  p  .  M  f  *.  1.  E'Mb  1' 
PT  "  PT  L  1  *  j  1  T  b  M 1  ‘  k  J  T 


’  MjT;:  p/'pT'EMTl;j|2-EMTl:K,2;'5 


e(c£) m2  q  PtT  :  2  [  :  b 

T  PT  PT  ]=1  J  T 


mV  ^  V  .-*«  Lfc>  V  .V 


Next  using  the  backward  equation  (1.6)  and  Ito's  formula,  for  each 


0  £  and  j  >1  we  have 
t 


(2.13) 


;<T(s,t)i,)  ■  dM  [<j> .]  =  M  [<f  ■  >  k.]  -  /Mc[>.]^T(s,t):,:.'  ds 

g  =  J  JFjJ  q  5  g  as  j  Pt 


=  M.  [<C  ‘  >  J  .  ] 
t  j  Pj'y 


+  /m  [<a(s)T (s,t)  j,  :Jds. 


But 


(2.19)  E(Mfcm 


n 


l  M  [  <  $ ,  $  .  >  f-])  -  E(Cj),i  -  /  - 

j-i  t  ]  PT  ]  1  j=!  ]  pt  ] 


2  h  2 

E  ( C  _  )  :  i  -  /  <?,;.>  ;  z 

T  '  j  =  l  3  :  P-  n-" 


Then  from  (2.17),  (2.18)  and  (2.19)  the  series 

t 

i  /M  [<A(s)T(s,  t)  $  ,4>  >  i>.]ds 
j=l  0  S  D  PT  2 


2 

converges  also  in  L  (D)  and  therefore,  for  each  i  J 

30  t  t 

(2.20)  )  /<T(s,t)$,<J).>  dM  [$.]  =  M  [$]  +  /M  [A(s)T(s,t)£]ds  a.s. 

j=l  0  3  PT  s  3  t  0S 


The  assertion  now  follows  from  (2.13),  (2.20)  and  (2.3). 


Remark  2.1. 

a). -From  (2.10)  we  have  that  for  m  Y  (ou)[$]  is  a  continu¬ 

ous  real  valued  process  of  finite  variation.  It  is  not  difficult 
to  prove  that  y[T(0,t)sj>]  is  also  a  continuous  process  of  finite 
variation  on  each  finite  interval.  Then  since  they  are  Ffc-adapted 
they  are  predictable  and  from  (2.5)  5  [.?]  is  a  real  valued  special 
semi-martingale  with  decomposition 

Ft(t>]  =  Mtm  +  vtm 
where  Vfc[j>]  =  y[T(0,t)$]  +  Yfc  [  5  ]  . 


b).-If  the  J'-valued  martingale  M  is  continuous  then  (i)  in 

Theorem  2.1  holds  if  we  replace  the  spaces  D  ([  0  ,*);■*  1  )  and 

D ( [ 0 , T ] ; i '  )  by  D([0,-):  ?')  and  C([0,T|:  ?'  )  respectively. 

PT 

We  now  obtain  some  easy  but  important  consequences  of  the 
above  Theorem. 

Theorem  2.2.  Assume  (A1)-(A3)  of  Theorem  2.1  and  that  there 
exists  q  ;0  such  that  M  -  D  (  [  0 ,  *>)  :  S^)  a.  s .  (or  C([0,»)  :  )  a .  s  .  )  . 

Then  there  exists  p  >q  such  that  the  solution  ;  =  (£  ^  of  (2.1) 

satisfies  the  property  .  >D([0,°°)  :  V)  a.s.  (C([0,-»)  :  $')  a.s. 
respectively)  and  if  {  f  .  }  .  .  c  ;  is  a  CONS  in  ‘  then 

3  3-1  p 

30  t 

[<J>]  =  Y  [  T  ( 0  ,  t )  t>  ]  +  /  /<T  (s,  t )  i> ,  i>  .  >  dM  [  5  .  ]  t  ■  t,  t  0  a.s. 

c  j  =  i  o  i  p  s  : 

Proof :  It  was  already  noticed  at  the  beginning  of  the  proof  of 

Theorem  2.1  that  if  does  not  depend  on  T  neither  rj  nor  py  do. 

Then  the  theorem  holds  taking  p  >r  Jq  such  that  the  injection 

$  4>  is  a  nuclear  operator  and  given  q,  r  is  determined  by  condition 

P  4 

A3  (b)  . 

Remark  2.2.  The  condition  on  M  of  Theorem  2.2  can  be  obtained  it  there 
exists  t  such  that  for  each  t  >  0  there  is  a  9  >  0  and 
E  (Mfc  [  t>  ]  )  ^  3 ^ 1  t  T,  for  all  $  for  example  if  E  (Mfc  [  ;  ]  )  ^  -  t0  (  :  ,  :  ) 

where  Q  (  •  ,  •  )  is  a  positive  definite  continuous  bilinear  form  an  I 

Corollary  2.1.  Assume  yQ  is  a  $' -valued  Gaussian  element  independent 
of  the  -valued  Gaussian  martingale  with  independent  increments 
M  (mq=0)  and  the  family  { A (t) } t >0  satisfies  condition  (A3)  of 
Theorem  2.1.  Then  the  solution  1  =  ( % ^ )  of  (2.1)  given  by  Theorem 
2.1  is  a  J'-valued  Gaussian  urocoss. 
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Proof :  We  only  notice  that  for  each  $  e  <*> ,  from  (2.13)  we  have  that 


( C 1 1  ^  1  ^  t  ' 0  a  rea^-  va^ued  Gaussian  process. 


Corollary  2.2.  Assume  (Al)-(A2)  in  Theorem  2.1  and  let  A  be  a 
continuous  linear  operator  on  <t>  which  is  the  infinitesimal  generator 


of  a  (Cq , 1 ) -semigroup  {S(s)  :s  >0}  on  Then  the  V -valued  homo¬ 


geneous  stochastic  evolution  equation 


d£ fc  =  A't^dt  +  dMfc 


=  Y 


has  a  unique  solution  c,  =  ( C t )  t  , q  <?iven  by  the  evolution  solution 


(1)  Cfc  =  S'  (t) y  +  /S'  (t  -  s)dMe 


and  satisfying  (1)  in  Theorem  2.1.  Moreover,  ^  is  given  by 


(2) 


;  =  M  +  {s'  ( t )  Y  +  /s'  (t  -  s )  A '  M  ds}. 

C  0  s 


If  in  addition  M  e  D  (  [  0  ,  ®)  :  <t '  )  a.s.  (or  C  (  [  0  , »)  :  $ '  )  a.s.)  for  some 


q  >0,  then  there  exists  p  >q  such  that  C  -:D([0,~)  :  a.s.  (or 


C[0,»)  :  $' )  a.s.)  and  if 

P  J  J  “  * 


*  is  a  CONS  on  * 


D 


(3) 


%t[0]  =  Y  ( S  ( t )  t  ]  +  y  /  <  S  ( t  -  s  )  <ti ,  o  j  >  pdMg  [  C'  j 


> ,  t  •  0  a.s. 


The  corollary  follows  by  noticing  that  a  (Cg ,  1) -semigroup  on  $  is 


a  (Cg , 1 )- reversed  evolution  system.  In  the  last  statement  p  should 
be  taken  such  that  p  >i  >q  and  I  '  > i  is  a  nuclear  operator,  and 
£  is  such  that  1 A$ | 

q 

Finally  we  consider  the  solution  of  the  perturbed  stochastic 
evolution  equation  (2.2). 


K  !  J  !  £  for  all  $  >  )  and  some  constant  K. 


•\  **. 


'sm 


ft 


a 


\> 

CN 


..v 


,v\l 


Theorem  2.3.  Assume  (Al)- (A3)  m  Theorem  2.1  and  let  til*:  :n  •  u  ■ 
be  the  sequence  of  norms  on  $  such  that  (A(t),'t  q  is  stable  with 
respect  to  them.  Let  (B(t)}  Q  be  a  family  of  continuous  linear 
operators  on  such  that  there  exists  >  0  and  for  q  ♦  qQ  and  t  -*  0 

B(t)  has  a  continuous  linear  extension  to  $ .  ,  and  the  map  t  -B(t) 

i  q ! 

is  L($,  ,,$i  |  ) -continuous .  Then  the  D-valued  perturbed  stochastic 

j  q  I  |  q  1 

evolution  equation  (2.2)  has  a  unique  $ 1  -valued  solution  ■,  -  ( •;  ) 
given  by  the  evolution  solution 

t 

=  V'  ( t ,  0 )  Y  +  /v  (t ,  s)  dM 
z  0 

where  (V(s,t)  :0  <s  £t  <  »}  is  the  (C  ,  1 ) -reversed  evolution  system 
generated  by  the  family  (A(t)  +  B(t)}  g  given  by  Theorem  1.4.  In 
addition  to  (1)  in  Theorem  2.1  E,  has  the  following  properties: 

(a)  E,  is  given  by 


D  =  M  +  { V'  ( t ,  0  )  y  +  /V '  ( t ,  S )  ( A'(  s  )  +  B'(s)  )  M( 
c  c  n 


ds }  . 


satisfies  the  integral  equation 


;  =  /T'(t,s)B'(s)L  ds  +  n .  t  >  0  a.s. 

t  o  s  t 


z,  ( p  ]  =  j  F  [B(s)T(s,t)$]ds  +  n.[$]  for  all  1  -  $ ,  t  :  0  a.s. 
t  o  s  t 

where  nfc  is  the  unique  solution  of  the  unperturbed  stochastic 


equation 


dn^.  =  A'  (t)n^dt  +  dM 


n0  =  Y 


and  (T(s,t)  :  0  •  s  *.  t  <  »}  is  the  (C  ^ ,  1 )  -  reve  rsed  evolution  system  on 


J  generated  by  r A ( t )  }  ^ 


.N 

i  »-  h  »-  *■  *- ",  j 


.  V  *  V  ^  -  £ 


Proof:  Under  the  conditions  on  the  family  {B(t)}  ^  and  using 

Proposition  1.4  the  family  (A(t)  +  B(t)}  satisfies  (A3)  in 
Theorem  2.1.  Theorem  1.4  gives  the  existence  of  the  (Cg , 1 ) -reversed 
evolution  system  tV(s,t)  :  0  < s  < t  < *>}  on  $.  Then  Theorem  2.1  gives 
the  first  part  of  the  theorem  and  (a).  Finally  using  (1.29)  in  the 
evolution  solution  we  obtain  (b) .  ~ 

Remark  2.3.  The  main  result  of  this  section,  Theorem  2.1,  has  been 
proved  for  <*>' -valued  martingales  such  that  E  (M  [$])  <  30  for  all 

t  -0  and  <$>  i  4> .  We  have  been  able  to  relax  the  requirement  of  square 
integrability  and  show  that  the  stochastic  evolution  equation  (2.1) 
has  a  unique  solution.  The  details  of  the  proof  as  well  as  the 
definition  of  the  corresponding  stochastic  integral  will  appear  else¬ 


where. 


35 


3.  EXAMPLES 

In  this  section  we  consider  special  cases  and  examples  of  sto¬ 
chastic  evolution  equations  and  stable  families  of  operators  on 
countably  Hilbertian  nuclear  spaces. 

The  first  two  examples  illustrate  two  important  faces.  First, 
they  are  instances  where  the  original  problem  is  giver,  on  a  Hilbert 
space  H  and  an  appropriate  countably  Hilbertian  nuclear  space  1  can  be 
constructed  where  the  problem  is  solved  in  a  suitable  way;  secondly, 
they  are  examples  where  the  family  of  operators  {.A(t):,_.^  is  stable 
with  respect  to  the  sequence  of  T-compatible  Hilbertian  norms  on  i 
and  A ( t )  is  of  the  form  A  +3(t)  as  in  Corollary  1.1.  These  two 
examples  fall  within  the  following  framework:  Let  (H,  <•,•>._.)  be  a 
real  separable  Hilbert  space  and  -l  a  closed  densely  defined 
self-adjoint  operator  on  H  such  that  <-L:,:>u  -•  0  for  each  :  V  (Ll  . 

Let  S(s)  s  >  0  be  the  CQ- contraction  semigroup  on  H  generated  by  -L.  Furthermore 
assume  that  some  power  of  the  resolvent  of  L  is  a  Hi Ibert -Schmidt 
operator  on  H,  i.e. 


-r 


1  , 


(3.1)  3  r^  such  that  (M  +L)  is  Hi  Ibert- Schmidt 


The  following  construction  of  a  countably  Hilbertian  nuclear  space 
i  is  well  known  (see  [6]):  Condition  (3.1)  implies  that  there  is 
a  complete  orthonormal  system  { ;>  .  }  .  >  ^  in  H  and  0  <  *  ^  ^  •  such 


that 


3.2' 


Li.  =  v  .  i  . 
]  1  3 


Define 


...  ■>  --  -■  H.  u.  *»-  iVHW 


(3.3)  <5  =  { 4  e  H  :  ||  ( I  +  L)  r  *)  j|  ^  <  *=  for  all  r  -  IR  } 

H 


=  {  4  H  :  7  ( 1  +  X  •  )  ^ C<  ?  ,  $  .  <  30  for  all  r  IR  }  . 

j=l  ]  :  H 


(3.4)  < 


r  2  r 

=  L  d  <4,  4-:>tt<+’,4  ■>„  for  a11  r  IRf  5/V 

r  j  =  ]_  3  3  H  3  H 


(3.5)  |4lr=<4,4>r  r  *  IR,  4  e  4 . 

Let  4^  be  the  | • |  -completion  of  4.  The  following  three  facts  are 
easily  verified  (see  [6]): 

(a)  The  locally  convex  topology  on  $  induced  by  | *  |  is  also 

given  by  a  countable  sequence  of  norms  i • !  >0  and 

n 

(4; I* I  n  =0,1,2,...)  is  a  countably  Hilbertian  nuclear 
space . 

(b)  For  each  r  €  IF 

(3.6)  |S(s)<j>|r  <  |  $  |  for  all  4  e4,  s  i  0. 

Then  S(s)  eL(4,4)  and  extends  to  a  strongly  continuous  contraction 
semigroup  on  each  4  : 


(c)  <$  cD(-l)  ,  -L4  c  $  and 


(3.7) 


1  r 


for  all  4  e  4 ,  r  *  IR  . 


Hence  denoting  the  restriction  of  -L  to  4  by  A,  we  have  A  1(4,  ;). 

By  (3.6)  and  Theorem  1.1  the  restriction  of  S(s)  to  also 

denoted  by  S(s),  is  a  (Cq  ,  1) -semigroup  on  .  Wo  now  prove  that  A  is 
the  infinitesimal  generator  of  S(s)  on  I.  Observe  first  that 


/■V  vVVVV . 

'-.-a 


••  V  V  *-*  f  S 


\  .N  *  N» 


Ad)  =  —  T  X  .  <d>,  4)  .  >  <J>  •  for  all  0  -  v 

^1L  3  3  H  3 

■*  -  s  A  . 

S  (s)  0  =  J  e  -*  <  0 , 0  .  >  b  .  for  all  i  -  0 ,  s  >  0 . 

J  =  1 

Using  (3.4)  and  the  last  two  expressions  we  have  that  for  l  •  1 , 
r  e  IR  and  s  >  0 


II  Ad>  -i(S(s)4>  -b)!l2  =  l  (1+*  .)2r<A<D  -i(S(s)$  -i)  ,  f  ■  >1 
s  r  j=i  3  s  J  n 


'X?  —  G  \ 

7  (l+A  .)2r<0f0.>l(A  +i(e  j-l))2 
jdj_  3  3  h  D  s 


Next,  for  j  >1  and  s  >0,  from  the  easily  verified  inequality 


_  s  ) 

(A,  +^(e  j-l))2  <  4 A ^  <  4  ( A  .  + 1 ) 

J  5  J  J 


we  have  for  <J>  ••  4>,  r  *■:  IR  , 


Ad)  -|(S(s)4>  -*)H2  <  4  y  (l+X.)2  (r+1)<5,f.'>2  =  4.  :  2  +  1- 


-s  X 


|  o  ”  1 

Thus  since  A.  +  — (e  ^-1)  -  0  as  s  -*■  0  ,  by  the  dominated  conver 
3  s 


gence  theorem. 


II  Ad)  -|(S(s)d>  -f)H  l 


0  for  all  1  ■  i ,  r  IR , 


S-+0 


i.e.,  A  is  the  infinitesimal  generator  of  the  (Cg, 1) -semigroup 


(S(s):  s  ;  0 )  on  4>.  In  this  case  we  say  that  the  triple  (  :  ,  H ,  A ) 
is  a  special  compatible  familp.  If  in  addition  there  exists  a 
family  {B(t)h  A  of  densely  defined  linear  operators  on  H  such 


that  for  all  t>0,  B(t)<t  <=  $  and  {B(t)}  Q  satisfies  the  assump¬ 
tions  of  Corollary  1.1  with  respect  to  the  Hilbertian  norms  • '  , 

by  Corollary  1.1  the  family  {A+B(t)}t^Q  is  stable  on  and 
generates  a  (CQ , 1) -reversed  evolution  system  satisfying  the 
integral  equation  (1.31). 

Example  3.1.  ('Christensen  and  Kallianpur  [2],  Kallianpur  and  Wolpert  [7]) 

Let  »  H  $ '  be  a  rigged  Hilbert  space  on  which  is  defined 
a  continuous  linear  operator  A  :<*>-*-<{>  and  a  strongly  continuous  semi¬ 
group  (S(s)  :s  >0}  on  the  Hilbert  space  H  such  that  the  following 
conditions  hold: 

(i)  S  (s )  <5  £  $  s  >  0 . 

(ii)  The  restriction  S  ( s )  J  ^ :  4>  -*■  <J>  is  $  continuous  for  all  s  _*0. 

(iii)  s  S  ( s )  cp  is  4>- continuous  for  all  4>  €  $. 

(iv)  The  generator  -L  of  S(s)  on  H  coincides  with  A  on  !. 

A  semigroup  {S(s)  :s  >0}  satisfying  the  above  conditions  is  called 
compatible  with  ($,H,$')  or  equivalently  we  say  that  (J>,H,S(s))  is 
a  compatible  family  (see  [6]). 

Consider  the  stochastic  differential  equation 

(3.8)  dk'  =  -L'C.dt  +  B'(t)  C.dt  +  dM 
t  t  t  t 


The  unperturbed  equation,  i.e.  B(t)  =  0  t  >0,  is  a  model  used  in 
neurophysiological  applications  by  Christensen  and  Kallianpur  [2] 
and  Kallianpur  and  Wolpert  [7].  The  last  named  authors  have  solved 


V 


N  V 


\  ■ .  s’ 


w".v  •.'^vir«T-v-  ”  ^ 1  jv.'vjv 
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(3.8)  for  the  case  of  a  special  compatible  family,  B(t)  =  0  t  -0  and 
when  M  is  a  $ ' -valued  stochastic  process  with  independent  incre¬ 
ments  defined  through  a  Poisson  random  measure,  namely 

t 

(3.9)  M  [ p )  =  /  /  ag (x)N  (dadxds )  p  e  0 

c  o  m*  x 

where  N (dadxds)  is  a  compensated  Poisson  random  measure  with 
variance  u(dadx)ds,  for  some  a-finite  measure  u  on  IR < X .  In  [7] 
it  is  shown  that  when  M  is  as  in  (3.9)  or  a  O' -valued  Wiener  pro¬ 
cess,  both  and  the  solution  of  (3.8)  belong  to  the  space 
D  ( IR :  :$')  a.s.  (or  C  ( IR  ,  $  '  )  in  the  Wiener  process  case)  where  q 
is  independent  of  t.  This  is  a  special  case  of  Corollary  2.2. 

Example  3.3  in  [13]  and  Example  2.3  in  [6]  show  that  we  cannot  ex¬ 
pect  a  solution  lying  in  C(3P.  ;$')  a.s.  for  q  independent  of  t. 

In  the  case  of  a  compatible  family  and  when  M^_  is  a  valued 

2 

martingale  with  E(M  [a])  <  00  for  all  0  e  <t> ,  t  >0,  the  stochastic 

evolution  equation  (3.8)  with  B(t)  =0  t  >0  has  been  solved  in 
Christensen  and  Kallianpur  [2].  Their  result  is  Corollary  2.2  if 
S(s)  is  a  (Cq , 1 ) -semigroup  on  0. 

It  is  important  to  observe  that  in  neurophysiology  the  kind  of 
perturbations  that  occur  are  more  likely  to  be  nonlinear  rather  than  linear 

Example  3.2.  (Kotelenez  [8]) 

The  stochastic  evolution  equation  of  this  example  has  been 
considered  by  Kotelenez  [8]  in  connection  with  fluctuations  near 
homogeneous  states  of  chemical  reactions  and  Gaussian  approximation 
to  nonlinear  reaction  diffusion  equations. 


w. 


4.*  U»  li 


Let  C  =  (x  =  (x. , . . . ,  x  )  IRn  :  0  s  x  .  <1  i  =  1,  .  .  .  ,  n}  and 
—  In  l 

let  R(x)  =Em_nc.x^  be  a  polynomial  in  x  e  IR  where  Cn  ^  0  and  C.  ■  0 


D  =  u  3 


j  >2.  Consider  the  nonstochastic  partial  differential  equation 


(3.10) 


^X(t,x)  =  DAX  ( t ,  x )  +  R  ( X  ( t ,  x )  ) 


X(t,x)  =  0  if  x,  =0  or  1 


X  (0,x)  >0 


where  A  denotes  the  Laplacian  operator  and  D  >  0  is  a  diffusion 


coefficient.  The  solution  of  (3.10)  is  the  concentration  of  one 


reactant  with  reflection  at  the  boundary  (see  [8]) 


Let  Hq  =L_(C)  be  the  real  separable  Hilbert  space  of  square 


integrable  functions  on  C  with  inner  product 


<<p,p>n  =  ftp  (x)  'p  (x)  dx  • 
u  C 


Let  A  denote  the  closure  of  DA  in  H_  with  respect  to  the  reflecting 


boundary  condition  in  (3.10).  It  is  well  known  that  A  is  a  self- 


adjoint  dissipative  operator  on  H.  Moreover  if 


(3.11) 


(*i)  = 


/Jcos(d~x^)  >  1 


i.  =  0 

l 


then  <(> ^  =  rL  _^q^  is  a  complete  orthonormal  system  of  eigenvectors 
of  A  in  Hq  (where  t  =(£^,...,  £  )  is  a  multiindex)  with  eigenvalues 


2  v  „2 


3.12)  -X  =  -Dir  l  r. 

£  i=i  1 


Furthermore  +  X ^)  <  30  for  r  >n/2.  Then  a  countably  Hilbertian 


nuclear  space  p  can  be  constructed  as  in  (3.3)  such  that  for  r  •.  IR 


V  V  V  V  V  *<*"  "*•  •.*  /  •  '  s-  *  '  * 


(3.13) 


i  $  I  r  =  (i  +  Aj 


and  the  injection  $  4>  is  Hilbert-Schmidt  for  p  >q  +rlf  r^  =n/2 


Thus  ( <J> ,  Hq  /  A)  is  a  special  compatible  family  and  the  restriction  o 


A  to  $  (also  denoted  by  A)  is  the  infinitesimal  generator  of  a 


(Cq,1)  semigroup  (S(s)  :s  >0}  on  $.  The  space  $  is  the  nuclear 


space  of  all  infinitely  differentiable  functions 


9*"!  9tn 


<J)  (x)  on  C  such  that  <j>(x)  and  — -.  .  . — j-<p  (x)  for  l.  odd,  some  i,  ar 

9x|x  3xnn  1 

zero  if  x^  is  0  or  1. 


Consider  the  stochastic  evolution  equation 


(3. 14) 


dCt  =  (A'+B'(t)  )  £tdt  +  dMt 


^0  =  * 


where  y  is  an  F^-measurable  4> 1  -valued  gaussian  random  element 


independent  of  the  ^'-valued  gaussian  martingale  with 


covariance  functional 


tAs  n 


(3.15)  E(M  (i]M  [$])  =  /  -'-2D  7  9  X(u)3.D  +  \  '  c  .  j  X  (u)  3  $ ,  $>  du  , 

0  i=l  1  i=0  : 


B(t)  =  R^  ( X  ( t )  )  for  X  ( t )  =X(t,x)  the  solution  of  (3.10)  and 


(x)  denotes  the  derivative  of  R(x)  ,  x  e  IR.  R  ^  ^  (X(t)  )  acts 


as  a  multiplication  operator  on  Hq,  i.e. 


(B(t)f)  (x)  =  R  ' 1  (X  ( t ,  x )  )  f  (x )  f  ■  H  . 


Theorem  3.1.  Assume  the  initial  value  X(0,x)  of  (3.10)  satisfies 


the  following  conditions: 


i)  0i  X  ( 0  ,  x ) 


where  6  is  some  positive  number  such  that 


R ( x )  '0  for  all  x  -3 


£+  *■'» •  A. -•.I*.  *|.  MJ".  ’ 


•V.  v 
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(ii)  X(0,x)  is  an  infinitely  differentiable  function  in  x, 
with  bounded  derivatives  of  all  orders  which  vanish 

if  x .  =0  or  1 . 

l 

Then  the  stochastic  evolution  equation  (3.14)  has  a  unique  $' -valued 
solution  £  =  (£  )  g  which  is  a  $ ' -valued  Gaussian  urocess 
given  by  the  evolution  solution 

t 

£  =  T'  (t ,  0)  y  +  /  T'  (t,s)dM 

c  0 

and  satisfying  (1)  and  (2)  in  Theorem  2.1,  where  {T(s,t)  :  0  <:s  :t  <xi 
is  the  (Cq,1)  reversed  evolution  system  generated  by  the  family 
{ A  (t )  =  A  +  R(1)  (X  (t)  )  }  0  .  Moreover,  for  each  p  >n/2  +1 

£ .  e  C  (  [ 0 , 00 )  ;  <I> '  )  a.s.  and 

-2o 

£.  [$]  =  y[T(t,0)<t>]  +  £(1+XJ  p  /<T(t,sH,4>»>  dM  [$J  $  €  i,  t  50  a.s. 

c  p  c  n  tpst 


Proof :  We  shall  verify  that  the  conditions  of  Theorem  2.2  are 

satisfied.  Since  (4>,Hg,A)  is  a  special  compatible  family  then 
A  ( t )  =  A ,  t  >0  is  a  continuous  linear  operator  on  4>  generating  a 


Next,  it  is  shown  in  Lemma  A.  4  in  [8]  that  for  each  q  _•  0  the  norm 


'  . 


!  -  ,  defined  in  (3.13)  is  equivalent  to  the  norm 


l  /  oS  (x)  )  2dx  c  C°°  (S  ) 


Os ; £ | <q  C 


where  It!  =  +  ...  +1  and  3^  = 

1  1  1  n 


3x *  '  ‘  3x , 


.  Then  for  each  c  _■  0 


there  exists  a  constant  a  such  that  if  f  *  4>  and  t  ;  0 

q 


|B(t)({)|2  s  a  Mb (t) $|| 2  =  a  /  /( 3^(R{1)  (X(t,x))<D(x))2dx 

q  q  q  q  0<!£j<  q  C  -  -  _ 


and  using  the  Leibniz  formula  and  Schwarz  inequality  we  have  that 
for  some  positive  constant  d 


(3.17)  |B(t)4>|2<d  l  j(l  (31R(1)  (X(t,x))2)  (  £  (/_1$(x) ) ) 2 )  dx. 

q  q  0 < |  £|<q  C  i <JL  i<£ 


Then  using  (3.16)  and  since  R(x)  is  a  polynomial  in  x  of  degree  m 
with  constant  coefficients,  there  exist  positive  constants 
d^(m,q)  i  =1,2,3  such  that  for  any  t  >0 


(3.18)  i B  ( t ) f i 2  <  d  (m,q)  \  /  \  ()l  S(x))2dx 

q  1  Q<\t\<q  C  is£ 

?  .  2 

<  d2  (m,<j)  |i  ?i|  <  d3  (m,q)  ;  5  ,  v  -  t> 


i.e.  B (t)  maps  *,  into  and 
In  a  similar  way  to 
for  t ,  s  ( 0  ,  <») 


can  be  extended  to  an  element  in  L  ( ;  )  fo: 

q  q 

(3.17)  and  (3.18)  it  can  be  shown  that 


!B(tlt> -B(s).j!2  ■:  d,  (m,q)  Ul2  1  ■  >  (31(R<1)  (X(t,x) )  -  R 111  (X(s.x) ) )  )dx 

q  4  q  Oiltirq  i-:t 


Then  using  the  continuity  in  t  of  the  derivatives  of  X(t,x),  the 
fact  that  R'  is  a  polynomial  and  the  dominated  convergence  theorem 


we  have  that  the  map  t  -*-B(t)  is  L  (5  ,  $  ) -continuous  for  all  q  '0. 

q  q  n 

Then  the  conditions  of  Corollary  1.1  are  satisfied  and  the  existence 
of  the  (CQ , 1) -reversed  evolution  system  T(s,t)  generated  by  the 
family  {A+B(t))t>0  is  established. 

Next  since  Y  and  satisfy  (Al)  and  (A2)  respectively 

in  Theorem  2.1  then  the  first  part  of  the  theorem  follows  as  an  ap¬ 
plication  of  Theorem  2.1. 

2 

Finally  since  E(M^[3>])  <  tK  '  0  j  ^ ,  4>  e  $ ,  t  20  for  some  positive 

constant  K,  the  O' -valued  gaussian  martingale  M  has  a  version 

in  C([0,°°);$')  a.s.  for  p  >  n/2  +1  (see  [6]).  Then  from  Theorem  2.2 

%  e  C  (  [  0 ,  oo )  ;  <j  '  )  a.s.  and  the  last  statement  of  the  theorem  follows. 

P 


The  following  is  an  example  where  the  family  of  linear  operators  {A( t ) } t >Q 
is  not  of  the  form  A+B(t)  nor  a  special  compatible  family. 


Example  3. 3  (Interacting  diffusions). 

The  nuclear  space  valued  stochastic  evolution  equation  of  this  example 
occurs  as  the  fluctuation  limit  for  interacting  diffusions  and  it  is  a 
perturbed  equation  of  the  type  (2.2).  The  study  of  the  limit  of  interacting 
particles  has  been  done  by  McKean  [11],  Hitsuda  and  Mitoma  [4]  and  Mitoma  [14] 
amongst  others. 


\  -r. 


Y. 


A-.N,’ 


•  V  ' 


For  n>l  let  Y  '(c)  =  (Y^  (t) . Y^  (0)  be  3X1  n-particie  diffusion 

given  by  the  real  valued  stochastic  differential  equation 

4n>«>  -\*£  j,  4 »<'f ’<*>•  Y‘n)(s»d'C 


+  ln  X0  b(Ykn)(s)'  YjM)(s))ds  (k  =  1 . ") 

where  (t,  ,  W^),  .  are  independent  copies  of  (t.W  )  arid  i  i  s  a  random  variable 


such  that  E(e  )<“,  for  som 


e  c  .  ,  a: . ■ 


i  nd'.-i  •  ndcrit  of  the  real  valu'-  i  1: row:.  1 . 


motion  W=  (W  )t)Q-  The  coefficients  a(x.y)  and  b(x,y)  are  bounded 
00 

C  -functions  in  (x,y)  with  derivatives  in  x  bounded  in  (x,y). 


Consider  the  measure  valued  process 


U<n)(i)  =  -  I  5  ,  ,  t>0 

n  j=i  v<n)(0 

where  6  is  the  unit  mass  at  x.  McKean  [11]  has  shown  that  for  each  t >0 
x 


u(n)(t) 


i  i  n  proha h  i  1  i  t  y 


where  U(dx,t)  is  the  probability  distribution  of  Z^_  that  satisfies  the  real 
valued  stochatic  differential  equation 

dZ^  =  a(Zt,t)dW^  +  P(Z  ,t)dt 


a(x,  t)  :=  JjRa(x.y)U(dy.  t) 
P(x.  t)  :=  J[Rb(x.y)U(dy,  t)  . 


Moreover,  it  is  also  shown  in  [11]  that  U(x,t)  has  a  density  u(x,t)  and  that 

00 

a(x,t),  P(x.  t)  and  u(x,t)  are  C  -functions  on  P.x[R 


Hitsuda  and  Mitoma[4]  have  shown  that  the  measure  valued  processes  S  (t) 
converge  weakly  to  the  solution  f  =  (f^)  of  the  nuclear  space  valued 
stochastic  evolution  equation 

(3.10)  dft  =  A'(t)ftdt  +  B'(t)ftdt  +  dMc 

f0  =  Y 

where  for  ?  as  defined  below 

(3.20)  (A(t)$)(x)  =  ^  a(x,  t)^(2)  (x)  +  P(x.  t  )<*/ 1  ^  (x)  and 

(3.21)  (B(t)$)(x)  =  b(y.x)^1' (y)u(y,  t)dy 

+  J'ir  a^y' t)a(x'y)^^2^(y)u(y'  t)dy  for  :  •. 

(Mq=0)  Is  a  zero  mean  <J>'-valued  continuous  Gaussian  martingale  with 
covariance  functional 

(3.22  1  E(Mt[«1]Ms[02])  =  Jq  sJiR  ♦^(x)  ^^(x)a(x,  r)2u(  d.\.r)dr  <f>r<P2  £  ^ 
and  vis  a  ^'-valued  zero  mean  Gaussian  random  element  independent  of  M.  As 
pointed  out  in  [-4]  the  nuclear  space  appropriate  to  the  problem  is  given  by  th 
space  <t>  of  real  valued  functions  such  that  <p  e  <t>  if  and  only  if  e  'J1 .  (the 
space  of  rapidly  decreasing  functions  on  1R) .  where 

^(x)  =  J^e  I  p(x-z)dz 

and  p  is  the  usual  mollifier 

f  c  exp( 1/(1- | x | 2) )  | x |  <  1 

P(x)  =  i 

{  0  |x  |  >  1  . 

Observe  that  $  is  a  modification  of  '/  with  the  following  relations  among  the 
norms  defining  their  corresponding  topologies : 


47 


where  for  f  e  if 
(3.25)  |  |f 


'n,  !/ 


sup  sup  ( ] +x“)n |D^f (x) |  n  >  0 


0<k<n  xeSR 


(3.-6) 


|f|;  =  2  J  (l+x2)2n  |Dkf (x) I2  dx  n>0 . 

k=0  K 


From  the  well  known  relation  between  the  norms  on  'S ,  we  have  that  for  all 


n>l  there  exist  constants  c  and  d  such  that  for  every  d>  a.  <t> 

n  n 


l„->  i  l*'n  S 


Some  brief  comments  on  the  relationship  of  our  treatment  of  Example  7  with 
that  of  Mitoma  [14]  are  in  order.  In  [14]  I.  Mitoma  has  found,  in  our 
terminology,  the  (Cq ,  1  )-reversed  evolution  system  T(s,t)  on  <t>  generated  by  the 
family  {A(t))^Q  given  by  (3.19).  His  main  tools  are  several  results  of  Kunita 
[10]  for  stochastic  flows  of  dif feomorphisms  of  IR,  including  Ito's  forward  and 
backward  formulas.  He  then  proves,  by  the  method  of  successive  approximations, 
that  the  stochastic  evolution  equation  (3.19)  has  a  unique  solution.  An 
explicit  expression  for  the  solution  is  not  given,  nor  is  it  written  as  an 
evolution  solution.  In  the  theorem  below  we  will  prove  the  existence  of  the 
(Cq.I)  reversed  evolution  system  T(s,t)  on  $  generated  by  (A( t ) } ^q,  by  using 
our  Theorem  1.3  and  regular  It'o’s  stochastic  differential  tools.  In  doing  this 
we  show  that  (A(t)}  ^q  is  a  stable  family  of  infinitesimal  generators  of 
(Cq,  1  )-semigroups  on  <t>.  We  then  use  the  perturbation  Theorem  1.4  to  find  the 


(Cq , 1 )-reversed  evolution  system  V(s,t)  generated  by  the  family  ; A ( t ) +B ( t ) ' 


using  Theorem  2.2  we  are  able  to  write  the  unique  solution  of  (3.  T9)  as  an 
evolution  solution. 

Theorem  3.2.  Under  the  above  conditions  on  a(x,y),  b(x.y),  •  and  M  =  (M 


t't'O 


there  exists  a  unique  (Cq ,  1  )-rever sed  evolution  system  (V(s.t):  CKs<t<°°}  on  <*> 


such  that  the  stochastic  evolution  equation  (3.  19)  has  a  unique  <J>  -valucd 


solution  which  is  a  ^-valued  Gaussian 


I  :  .  Vet:  r. 


evolution  solution 


%t  =  V  (t.O)  •  +  V*(t,s)cLMc 


Moreover  for  any  p>6  f  e  C(  [0,°°)  :<J>^)  a.s.  and  for  t>0 

05 

(3.-7)  f -[♦]=  '[V(0,  t  )*]  =  2  Si  <V(  s  ,  t  )<£  ,  <j>  .  >  dM  [*.]  for  all  4>  t  <♦’ 

1  j=l  J  P  s  J 

where  {^  }  >^  c  J  is  a  cornj  lute  ort:;o:.or-.H  s.-t  i:.  ‘  . 

In  order  to  prove  the  above  theorem  we  will  verify  the  conditions  of 
Theorem  2.3.  We  first  prove  that  the  family  {A(t)}t>Q  is  stable  on  <t>. 


Proposition  3.1.  The  family  of  operators  (A(t)}  defined  by  (3.20)  is 
uniformly  stable  on  $  with  respect  to  the  norms  given  by  (3.23). 


Proof .  We  first  show  that  for  each  t>0  A(t)  maps  <t>  into  <t>  and  A(t)  e  <£($,❖): 
Let  *£*  and  n>0,  then  from  (3.20)  we  have  that 

Dk(M(t)*)(x)  =  iDk(*(x)a(x.t)V2)(x)}  +  Dk(^(x)(3(x .  t  )*(  1 }  (x) ) . 

Then  since  a(x,t)  and  /3(x,t)  are  C  (IRxlP+)  functions  with  bounded  derivatives  in 
x  of  all  order,  for  each  T >0  there  exist  constants  K^(n,T)  i=l,2  such  that  for 


O^k^n  and  0<tl  T 

k  .  k 

(3.2S)  |Dk(M(t)^)(x)|  <  K  (n.T)  I  |dV(x)*(2) (x)  |  +  K.(n.T)  2  |D^(x)^»(  1 }  (x) 

i=0  *  i=0 


Next  it  is  not  difficult  to  show  that  for  each  £>0  and  n>0  there  exists  a 


constant  c(£,n)  such  that 

iu(Oi 


n  *  c(^n)M«lln+g 


for  all  <fi  e  <J>. 


Then  using  (3.23)  and  (3.25)  we  have  that  for  each  7>0  and  n>0  there  exists  a 
constant  K3(n,  T)  such  that 

(3.29)  sup  I  |A(t)*|  |  <  K_(n.T  )  |  |*|  | 

0<t^  T  n  a  n+a 

which  implies  A(t)  e  t>0. 


for  all  *c<J' 


Next  let  t>0  be  fixed  but  otherwise  arbitrary  and  for  4>  a  <P  and  x  t  P 


def ine 

(3.V)  (St(s)*)(x)  =  E[>(x'(x))]  s>0 

where 

(3.  X*(x)  =  x  +  /*  a(xj(x).t)d3r  +  fQ  0(X*(x).t)dr 

and  (9  }  is  a  one  dimensional  Brownian  motion.  Observe  that  since  a(x,t) 

1  rJr>0 

CO 

and  (3(x,t)  are  bounded  C  -functions  in  IRxIP  then  (3.  31)  lias  a  unique  solution. 
Also  since  for  some  constant  K>0 

(3.32)  |a(x,t)|  <  K,  |/3(x,  t)  |  <  K  x  a  IR,  t>0, 

using  the  fact  that  ^(x)|  <  de^  x  e  R  (some  constant  d>0)  and  Lemma  5.7.1 
in  [5]  we  have  that  for  <f>  a  <t> 

E|*(xVx))|  =  E|^1(X^(x))+(x'(x))«i.(x'(x))| 

b  boo 

<  d  [  |^<#>  I  |0  Ee  'Xs(x)  Uoo  s>0,  xeR,  t>0. 
i.e.,  (3.30)  is  well  defined.  Moreover  S^(s)b  is  linear  in  <P  and  satisfies  the 
semigroup  property  S^(s1  +  s2)  =  ( s 1 )S^ ( s^) . 

Next  applying  Ito’s  formula  to  (3  ”1)  we  have  that  for  <t>  a  <t> 

*(Xg(x))  =  ^(x)+J^(1)(xJ(x))a(X^(x). t)d3r  +  ;*(A(t)^)(xJ(x))dr 
and  taking  expectations  in  bot-h  sides  of  the  last  expression  and  using  (3.30) 
we  obtain  that  for  <p  a  <P  and  s>0 

(3.33)  (St(s)*)(x)  =  ♦(x)  +  jQ(St(r)A(tH)(x)dr. 

Next  we  shall  prove  that  S^(s)  maps  <J>  into  <P  and  that  it  is  a 
(Cq, 1 )-semigroup  on  <P  with  infinitesimal  generator  A(t). 

Using  (3.23)  and  (3.25)  we  have  that  for  <P  a  <f>  and  n>0 

(3.34)  |  |S  ( s )  <#>  |  (  =  sup  sup  (l+x2)R|  Dm(+St(s)<^)(x)  | 

C  n  0<m<n  xtR 

Applying  Leibniz  formula  we  have  that  for  0<m<n  there  exists  a  constant  e  ( n )  >0 
]  Dm  ( ^<S  (s)<#>)(x)  |  <  e(n)  I  |  D r  ^  ( x )  |  |  Dm  T  (S  (  s  )<J>)  (x)  |  . 


such  that 


and  it  is  not  difficult  to  show  that  there  are  positive  constants  c(n)  and  d(n) 
such  that 


(3. 35) 


|Dr^(x)  |  <  c(n)e  X  xeIR,  0<r<n 


|Dr^  (x)  |  <  d(n)  e^X  xeIR ,  0<r<n. 


Then  for  xeIR  and  0<m<n 


(3.37) 


|Dm(^  (s)*)(x)|  <  e(n)c(n)  2  |Dm_r(S  (s)*) (x) | . 

r=0 


Next  using  again  Leibniz  formula  and  Holder  inequality  we  have  that  for  0<k<m£n 


(3.-38) 


[Dk(St(s)*)(x)|  =  |E(Dk(*  lW)  (X^(x) ) )  |  < 

k 

e(n)  2  (E|DV1(xVx))|2)1/2(E|Dk"r(^)(xVx))|2)1/2. 
r=0 


From  (3.36)  we  have  that  for  0<r<n 

,  r  -1  t  ,2  2  2|xTx)  | 

E|Dr*  ^X^xjjr  <  d^(n)Ee 

and  from  (3.32)  and  Lemma  5.7.1  in  [5]  we  obtain 

Ee2|X>)|  s  e2|x|  +  2sK  +  2  +  2K2s  ^  X£K 

Then  for  0<r<n  and  s>0 


(3.39) 


(E|Dr*  1(Xt(x))|2)1/2  <  d(n)elXl+1+(K+2K2)s. 


On  the  other  hand  from  Lemma  2.3  in  [10]  there  exists  a  positive  constant 
b(n)  such  that 


[  (Hx^(x)  |2)2n 


<  h(nlS  xeIR,  s>0. 
(l+x  ) 


Then  using  the  last  inequality  and  (3.33)  and  (3. Jo)  we  obtain  that  for  0<r< 


(l"*”|Xg(x)  | 2 ) 2n 

=  E[ — n — ^rl0  (^)(xs(x))i2]1/2 
(Hx'(x)  |V 


'■  E[|Dr(^)(Xct(x))j2]1/2  =  E[ - -i 


b(n)s 

(14X2)11 


for  all  s>0. 


V. V  '-r  V  V.V.V.  V  V  '  j-  Vv  V  ~  '■  '  -  •  -  ■  •  ‘  ‘  ■  -  '  •  -  -  *  -  -  -  -  »  -  '  - 


Hence  using  (3.x9)  and  (3.40)  in  (3.38)  we  have  that  for  some  constant  f(n)  and 
0<k<n 


(3.41i 


1  2 

|Dk(S  (s)<^)(x)  |  <  — elxle(k'+2k  ^s|]<j>j|  for  all  <?£<?,  xd?. ,  s>0. 
t  ^  \  n  n 


(1+0 


Next  using  13.41)  in  (..->.5,;  we  have  that  for  some  positive  constant  g(n)  arid 
0<m<n 

; 2 

(3.42)  |  Dm  ( vpS  (s)<^>)(x)  |  <  e(k+2K  ^Sii  .I  for  all  xeP.  s>0. 

1  (l+x2)n  M*l!n 

Then  from  (3.51)  and  (3.42)  we  have  that  for  any  t>0 

a  s 

(3.4  3)  |  |  S  t  ( s )  <#»  |  |n  <  e  n  |  ]*|  |  for  all  $>£<?,  s>0 

where  a  =  log(g(n) ) (K+2K2)  is  independent  of  s  or  t. 


n 


We  now  prove  that  for  each  t  •  S^s),  s  _•  0  is  a  C^-semigrcu 

s 1  ^  s /  then  from  (3.33)  we  have  that  for  $ e  $ 

s 

St(s)<J>(x)  -  S  (s')4>(x)  =/  (S  (r) A (t) <f>)  (x)dr. 

s  1 


Hence  for  any  0  <  m  r  n 


D  ('i'(x)  (Sfc  (s)  d>(:-)  -  S  (s’  )<?  (x) )  =j  Dm(?s  (r)  A  ( t )  )  (x)dr 

s  ’ 

and  using  (3.42)  and  (3.23), 

5 

D"‘ir(x)  (St(s);(x)  -  S  ( s  ’  )  i  ( x )  )  )  1  ■  — —  K  ( n , T ) ( I  $  ; !  /  re  ^K+-K 

t  , ,  2. n  3  n+2  J  , 

1+v  s' 


Then  for  any  n  j  0  and  ?  f 


(s)P ~  5  (s' ) ?! 


q  (n)K  (n,T)  \\  1  '| 


( K+2K  ) r 
re  dr 


i.~.»  ’Sis)  :  d  ■  ;  is  a  C  semigroup  4  and  bv  (3.43)  it  is  a  (C  ,  1  i  -s-m  ir  yi 

on  r  . 

We  finally  prove  that  for  each  t>0,  A(t)  is  the  infinitesimal  generator 
of  {s  (s)  :  s  a  )}  on  <?:  From  (3.33)  for  ^  $  and  s  2  0 

s 

Sj.  (s)  $  -  <j>  =  / St  (r)  A  (t)  (t)dr . 

Then  for  each  n>0,  using  the  continuity  of  the  map  s-*-S  (s)<j)  in  4>  we  have  that, 
for  each  <p  e  $>, 

1  1  s 
II  A  ( t)  4>  - -(St  (s)  $  -  $)||  =  II  A.  (t)  4>  - -/s  (r)A(t)<J>dr|| 

s  0 

1  S 

<  — /  ||S  (r)A(t)(j>  -  A  ( t )  0  ||  dr  -*■  0 
0  t 

as  s  -*■  0 ,  i  .  e.  , 

A  ( t )  t  =■  limit  ^-(S  (s) 4>  —  <J> )  (limit  in  <J>)  t  '0. 

Sit  b 

Hence  A(t)  is  the  infinitesimal  generator  on  0  of  the  (C^ , 1 ) -semigroup  is  (s) :  s 
Finally  from  (3.43)  and  Proposition  1.3  the  family  {A(t)}t>Q  is  a  uniformly 
stable  family  of  continuous  linear  operators  on  <5>.  The  proof  of  the 

:  re: edition  is  complete. 

Proof  of  Theorem  3.J  . 

Using  (3.J4)  and  similar  arguments  to  those  in  proving  (3.2  S)  and  (3d  9) 
it  is  easy  to  show  that  for  each  T >0  and  n>0  there  exists  K^(n,T  )>0  such  that 
for  t , t ' e[0,T ] 

'  |A(t)*-A(t')*|n  <  K4(n,T)  i^ln+4  hn(t,t’)  for  all  <M> 


where 


h  (t.f)  =  2  X^(l+x2}  2|  Dk(a(x,  c)-a(x,  t'  ))  |2dx 

n  k=0  K 

+  2  4(l+xY2|Dk(P(x,t)  -  P(x,f))|2dx. 

k=0  K 

Also  it  is  not  difficult  to  show  that  for  n>2  there  exist  positive  constants 
K-(n,T)  and  Kg(n.T)  such  that  for  t,t'  e  [O.T  ]  and  <pe4> 


(3.45  ) 

|B(t)*|n  <  K5(n.T)|*|n 

(3.46) 

|B(t)$  -  B(f)*|n  <  K6(n.T  )Uln  g(t.t') 

where 

g(t.t ')  =  XjRey  |u(y.t)-u(y.t‘)|dy 
+'^'lRey  la(y‘  t)u(t,y)  ■  a(y- f  )u(y,  t 1  )  |dy 

Notice  that  since  all  derivatives  in  x  of  a(x,t)  and  0(x,t)  are  bounded  in 
x  and  continuous  in  t,  by  the  dominated  convergence  theorem  h(t,t')-0  as  t'-»t. 
Also  from  Theorem  5.7.2  in  [5],  for  each  T >0 

J^e  ^y  ^u(y ,  t)dy  <  <*>  0<t<T. 

Then  by  the  dominated  convergence  theorem  g(t.t')  -♦0  as  t  t'. 

Next  by  Proposition  3.1  and  (3.  14)  the  family  (A(t))^Q  satisfies 
conditions  (a)  and  (b)  in  Theorem  1.3  and  it  generates  a  unique  (C^, 1 )-reversed 
evolution  system  (T(s,t):  0<s<t<°°}  on  4>.  From  (3.  45)  and  (3.4  6)  the  family 
{ B ( t ) } t >0  satisfies  the  conditions  of  Theorem  1.4  and  the  family  (A(  t  )+B(  t ) } 
generates  a  unique  (Cq,  1  )-reversed  evolution  system  (V(s,t):  0<s<t<°°}  on  <f> . 

The  theorem  then  follows  applying  Theorem  2.3. 

Finally  from  (3. -’2)  for  each  t>0  there  exists  K?(t)>0  such  that  for  <ficP 

E(MtM)2<  K^t)  |*|2. 

Then  by  (3.  H)  and  Theorem  2.2,  for  any  integer  p>6  we  obtain  f  e  C([0,«“) -<t>^  ) 
a .  s  .  and  (3 .  37 ) .  n 

In  |  IS]  Tanaka  and  liitsuda  consider  a  simple  diffusion  model  of  inter¬ 
actin';  particles.  The  stochastic  evolution  equation  of  their  example  can  be 
solved  m  the  framework  of  a  special  compatible  family  of  the  form  A+Blt),  as  in 
I  .vamp  1  os  A  .  1  and  A  .  2  . 
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